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I'n. 1. OcHOBHBIE TTOHSITHUS.

§1. Yro Takoe JuHelHas ajreodpa?

Bel yKe 3HaKOMBI C 3JleMeHTapHOH aareOpod yuceJs, ¢ BEKTOPHOH a/jreOpo u anred-
poii MaTpuil. A Termepb MPUCTyNaeM K U3yUeHHIO JUHEHHOH anre6pel. Uto Takoe anrebpa?
Anre6pa — paszes MaTeMaTHKH, MCCAENYIOUIUH ONepalti, aHaJOTHYHbIE CJI0XKEHHIO, Bbl-
YUTAHUIO, YMHOXKEHHUIO U JIeJIeHUIO, U BbITNOJHSEMble He TOJbKO HaJ UYMCJAAMH, HO WU Hal
OPYrUMHU MaTeMaTHYeCKUMH 00beKTaMH, HalpuMep, MHOT04YJIeHaMU, BEKTOpaMH, MaTpuLia-
MH, OllepaTopaMH U T. M., T. €. HaJl 06beKTaMH caMo# pa3juyHoi npupoasl. CoBpeMeHHYI0
anrebpy MaTeMaTHKH pacCMaTpUBAIOT Kak yueHHe 00 omepauusix Haj JOObBIMU MaTeMma-
TUYeCKHMH 00BbeKTaMM CaMOH pa3/MuYHOH NPUPONbl, Kak ydyeHHe, (popMupylollee oOlIMe
MOHAATUS W MeTOAbl AJ1S1 BCell MaTeMaTUKU. B LleHTpe BHUMaHUSl a/jreOpbl OKa3blBAlOT-
csl CBOHMCTBa onepauri, a He 0OBEKTbl, HaJl KOTOPBIMH MpPOM3BOASATCS onepauuu. OnHUM
U3 pasfesoB a/areOpsl fBAsgeTCs JUHeHHas anredpa. Kakumu npobnemaMu 3aHMMaeTcs
JIMHelHas anarebpa?

B mkose BBl CKJaAblBaNd IeHCTBUTEJbHbBIE YUCJ/IA MO OJHOMY IMpPaBHUJY, a BEKTOpa —
o Apyromy npasuay. B anrefpe maTpul MaTpULbl CKAAABIBAIOTCS 10 TPeTbeMy MpPaBHU-
Jay. Ha nepBbifi B3riisin Kpome oOliero HasBaHUs B 3TUX TPeX OlepalusX HeT HUYero
o6utero. Ho ecsy MBI paccMOTpPUM BHHMaTeJsIbHEE OMEPaLHIo CJI0XKEHHS B NPUMEHEHHH K
pPa3/IMYHBIM THIIAaM 00BbEKTOB, TO YBUAHUM, UTO 3TH olepauuu 00JafaroT MHOTMMH OOLLHMH
cBodicTBamMu. Hamnpumep,

VIS JIIOOBIX NEeHCTBUTEJBHBIX YHces a, b: a+b =0+ a;

ans qo6bx Matpuy A, B € A7 : A+ B =B+ A;

17151 JI00BIX BEKTOPOB @b:a+0b=>b+d, T. e. BHIONHSAETCS nepeMecTHTe/IbHOe CBOH-
cTBO. MOXXHO NPUBECTH U Jpyrue NpuMepsl 0OLIMX CBOHCTB 3TOH onepauud. Pasrisgersb
5TH oO0llMe CBOHCTBA ONepalyy HaM IMOPOK MellaeT KOHKpeTHas Npupoaa oObeKTOB pac-
CMaTpUBaeMblX COBOKYMHOcTed. CoO/a3HUTENbHO W Cjedylollee cooOpakKeHHe: 3HaHHUe
00LIMX CBOHCTB OMNepaLry MO3BOJUT M30aBUTb OT HYIHBIX U OfHOOOpPA3HBIX MOBTOPEHUH
pY Tepexofie OT HUCCJeN0BaHUS OJHOHM COBOKYMHOCTH K Jpyroi. Beixon — paccmoTpeTsb
COBOKYIHOCTb OOBEKTOB JIMUIEHHBIX KOHKPETHOH Npupoabl. K3yuuTb Ha HUX CBOHCTBa
onepauui. A 3aTeM NpPHUMEHSITb y»Ke T'OTOBble Pe3ysabTaThl y oObeKTaM J60H, HO yikKe
KOHKPeTHOH Nnpupoapl. XOTUM — K 4YUCJIaM, XOTUM — BEKTOpPaM, a MOXKHO U K MaTpuliam
U T. 1., U060 pasjuuHbIX ajredp (IOMHMO TpeX BHIlIe TMePeYUCJEHHBIX) B TPUJIOKEHHUSX
CKOJIBKO YroJHO MHoOro. BoT mpekze Bcero yem 3aHuMaeTcsl JMHeHHas anrebpa.

Wrak, nuHeiiHas anre6pa sBjseTcss HauboJee UPOKO UCIOJb3yeMbIM aNnapaToM /s
BCEX Pas/esioB YUCTOH M NMPUKJAALHOH MaTeMaTUKH — OT TEOpPHUH ajreOpanyeckux 4ducel
[0 KBaHTOBOW MeXaHMKH. Jlornueckass CTpyKTypa JIMHEHHOH anreOpel MPOCTa U OCHOBbI-
BaeTCs Ha HeOOJbILIOM uncje YA0OHBIX B oOpalleHUH MOHATHH U akcHOM. TeM He MeHee U
ceroiHs JuHelHas ajaredpa, BC/aeACTBHEe a0CTPAKTHOTO XapaKTepa ee OCHOBHBLIX IOHATHH,
coxpaHsieT 3a coO0H penyTaLHMIo CJA0KHOH Hayku. Ee n3yuyeHue norpebyer oT Bac ropasmo
6oJbllle YCUJIMH, YeM aHaJWTHYecKass reoMeTpUsl U JaKe MaTeMaTHUYeCKHUH aHaJu3.

§2. Yucnosbie moJs.

[1aBHBIMHM 0OBeKTaMH U3ydeHHs jAajee OyAyT MaTpHLbl, JUHEHHble MPOCTPAHCTBA U
MHOTOUJIEHbl OT HEeCKOJIbKUX TepeMeHHbIX. B ompeneneHnH Kaxaoro U3 HUX ydacTBYyeT
HEKOTOpOe MHOXKEeCTBO 4MceJs, KoTopoe 0003HauMM cHMBOJOM K. Beibop K 3aBUCUT OT
pelaeMoH 3aa4u ¥ HAayuyHOH NUCUUMJKWHBL. Hanpumep, ¢ anre6panyeckoidl TOUKH 3peHUSs
pe3yJibTaThl N0OJy4alT HanboJiee 3aKOHYeHHYI0 (OpMy, ec/M B KayecTBe K BbIOpaTb MHO-



JKECTBO BCeX KOMILJIEKCHBIX unce/. HanpoTus - B reOMeTpHUH U MexaHHKe 0ObIYHO paccMmart-
pUBAIOTCS JeHCTBUTEJbHBIE YUCJA, a B TEOPUM UHCes B KadecTBe K ecTecTBEHHO OpaTb
MHOXKECTBO PallMOHAJ/bHBIX YHMCeJ U JaKe MHOXKeCTBO JIHIb LeablX yuce. [loatomy, uyTo-
Obl caenaTb pe3yJbTaTbl NIPUMEHUMBIMH K OoJiee LIMPOKOMY KpPYTy 3anad, liesecoo0pasHo
3apaHee He (PUKCHPOBATh, KaKO€ UMEHHO HHIUBHUAYaJbHOE MHOXKECTBO [OHUMaeTcs MOJ
K. Tak mocTynuM M Mbl, HO HCKJ/IOYUM H3 PACCMOTPEHMS KOMIJIEKCHBbIE YHUCJA, XOTH
BCe MOoCJelyIol1e OCTPOEHUS ClpaBelJIMBLl U /151 K, cofeprKalllero KOMIJIEKCHbIe YHC-
Jla. DTO OrpaHUUYEeHHe Jle]1aeTCsl UCKIIOUUTENBHO C 11e/Ibl0 COKPaTUTh 00beM H3JaraeMoro
mMaTepuasa. TakuM o6pa3oM, B HalleM Kypce OyayT pacCMaTpUBAaTbCS Pa3JHYHble MHOXe-
CTBAa IEHUCTBUTEJbHBIX UHCEJ, HAaZl KOTOPBIMH COBEpPIIAIOTCS YeTbIpe Olepalyy, UMeHyeMble
CJIO’KEHHEeM, BbIUMTAHHEeM, YMHOXKEeHHeM, U JieJleHHeM, IOHUMaeMble BCIOAY JaJjiee B CMBIC-
Jie 3jeMeHTapHOU anareOpel, T. €. anreOpel, KOTOPYI0 Bbl M3ydaau B ILikoJe. [Ipu atom
B UETBEPTOH oONepaLuy AejauTe/]b BCerja Oepercss OTJIMYHBIM OT HyJjs. JTO TpeboBaHHe
OyleM CYMTaTh BBHIOJIHEHHBIM BCloAy HUXKe. [IycTh /Ky — MHOXKeCTBO BceX AEHCTBUTEJb-
HBIX YHCeJ, a MOCKOJbKY AaJjee OYAyT UCIONb30BATHCA TOJbKO NEHCTBUTEJbHBIE YMCJA,
TO JOTOBOPHUMCSl UX Ha3blBaTb NPOCTO uyMC/IaMHU. [lepeunciieHHBle BBILIE YeTbpe ONepa-
LIMM Ha MHOXKecTBe Ky 06/1alal0T CeyIOIHMH CBOHCTBAMH: 1) BBINOJHUMOCTD ONepaLii
aqs mo6beiX yuces u3 Ky, 2) 0AHO3HAYHOCTh Onepalnuil, 3) NPUHALNEKHOCTb pe3y/bTaTa
BBINIOJIHEHUS ONepalluu K YMCJaM TOro e MHoXKecTBa K.

Jlaneko He Bce M3BeCTHble BaM onepauud 00Jaal0T COBOKYIIHOCTbIO TaKUX CBOHCTB.
Hanpumep, BBIMONHHMO BBIUMCJEHHE Jorapuma He Ha BCeM MHOXKecTBe [y, a TOJIBKO
AJ151 TIOJIOXKHUTEJ/IbHBIX uKcesl. F3BeueHne KBagpaTHOrO KOPHS BBIIOJHHUMO Ha MHOXKECTBE
TMOJIOKUTEJIbHBIX 4MCeJ, HO HeoaHO3HauHo. OnHaKo [ake ec/M onepauus OJHO3HAUHO
BBINIOJIHMMA [1/151 BCeX YUCeJ U3 PacCMaTpUBaeMOro MHOXKECTBA, Pe3yJbTaT ee BbII0JHEeHHS
MOXKeT He OBITb YMCJIOM 3aJaHHOIO MHOXKeCTBa. Tak omepauus AeseHHsl Ha MHOXKeCTBe
LleJIbIX YHCeJl OJHO3HAYHO BBINOJHUMA A/ JObIX ABYX YUCEJ U3 3TOTO MHOXKECTBa, HO
pes3y/bTaT ee BHINIOJHEHHs He 00s3aTe/bHO OyeT LeJbIM 4YucjaoM. KTak, Mbl NpUIIM K
O4eHb BAXXKHOMY B JaJsIbHEHIleM MOHSTHIO.

Onpenenenue. Onepayus na3vieaemcs KOPpeKmMHol OMHOCUMENbHO HeKOMmO-
poco muoxmecmsea B uucen, ecau scaxkou nape uucenr u3 B ama onepayus cmasum 8
coomeemcmeue 0OHO3HAUHO ONnpedeseHHoe YUCAO U3 MmOo20 e MmHoxecmsea B.

Hanpuwmep, onepauusi ciokeHHsi KOPpeKTHA OTHOCHUTE/bHO MHOXecTBa /N HaTypasb-
HBIX YHMCeJ, TaK KaK CyMMa J00bIX IBYX HaTypaJbHBIX UHCEJ] €CTb HaTypaJsbHOe YHCJIO.
Ho sta xe onepauus He sBJsieTCS KOPPEKTHOH OTHOCHTEJIbHO MHOXKecTBa 1’ BceX Heuer-
HBIX 4HceJ, UOO CyMMa JIO0OBIX ABYX HEUeTHBbIX YHUCEJ — YETHOe YHCJIO, T. €. pe3yJbTaT
omnepanuu CJ0KEeHUS He MpPUHALNeXKUT MHoxecTBY 7. Omepaunusi yMHOXKEHHSI KOPPEKT-
Ha OTHOCUTe/]bHO MHOXKeCTB N U 7', a omnepauuy BHIYUTAHUSA U JeJIeHHs He SIBJSITCA
KOPPEKTHBIMU OTHOCHUTEJbHO 3THX MHOXKECTB.

Onpenenenue. Yucrosoim nosem K nasvigaemca maxkoe mroxecmso K uucen,
HQ KOMOPOM KOpPEeKmHbl. 8Ce 8Ce wemolpe Onepayul.

HMHpiMK cioBamM, uMcsoBoe mnojie /' ecTb Takoe MHOXKeCTBO K uuces, HA KOTOPOM
onepaluuM CJ0XKEeHWS, BBIUATAHHSA, YMHOXKEHHUS W [eJIeHUS OJHO3HAYHO BBIMIOJHUMBI U
Ve,ye Ka)z+ye K,0)x—yeK,B)x-ye K, 1) z/y e K(y+#0).

OueBHIHO, UTO MHOKECTBO LEJbIX UHCEJ He SBJSETCS YUCAOBBIM MoJeM. A MHOKECTBO
BCEX PAaLMOHANbHBIX YUCeJ] U MHOXKEeCTBO K SABJAIOTCH UYHCJIOBBIMU IMOJSMH.

§3. JluHeitHas 3aBUCHMMOCTb CTOJIOIIOB U CTPOK.

Onpeneaenue. [Ipoussorvras cucmema uucer a, us nois K, pacnoroxennas
8 8ude npPAmMoyeosbHOl mabauybl, codepicaweti m cmpok u n cmorbyos, HA3b18aeMmcs



m X n-mampuyeil uiu mampuyell paszmepos m X n U 0603Hauaemcs 00HUM u3 ciedy-
HOUUX CUMBONOB:

ai as a
. " = el = A
ai* ay' ay

3ameyaHnue. MHorna nanee Ham Oynet ynoOHee BMECTO BEPXHErO W HUKHEro MH-
JIEKCOB MCIMO0Jb30BaTh TOJNbKO HUXKHHe. [[oroBopuMCSsl 0 MpaBuJie COOTBETCTBUS 3TUX ABYX
3alUCen:

1-5 3amuch 2-51 3amuch
BEPXHHUH MHAEKC IepBbIA UHAEKC
HUXKHUHU UHAEKC BTOPOH MHAEKC

r. e (a7 = gkl

Kak 1 B Kypce aHaJMTHYECKOH reoMeTpuH GyaeM M0/1b30BaThCs MPABUJIOM COKpalleH-
HOTO CyMMHpPOBAHHMS: BCAKHH pa3, KOTJa B KaKOM-JMOGO BBIPaXKeHHH BCTpeualoTcs ABa
ONMHAKOBLIX MHAEKCA, BePXHUH U HMXKHHH, TO MO 3TOMY HMHAEKCY OyHeT MpearnonaraThCs
CyMMHPOBaHHe, T. €. 3anuch a’zy, k = 5,7, (41u, 4yTo TO XKe camoe, Tra’) ozHauaer

n
Z akxk.
k=s

OrpaHuuuMcsi pacCMOTPEHHEM MaTPHIL-CTONOIOB, KOO Bce, YTO OyneT BEPHO IJIst CTONO-
LIOB, OCTaHEeTCsl BEPHBIM M AJs1 cTPoK. Ornepalyn c/J0KeHHs CTOJNOLOB U olepalys yMHO-
XKeHHsl CToIOLA Ha YHCJIO BBeleHb Hamu B IM1. 4 (AsreGpa MaTpull) Kypca aHaJUTHUECKOH
reoOMeTpHH.

Onpenenenne. bydem cosopumsv, umo o0urn u3 cmorbuos Ay = ||at||™, k =

1, m, Hanpumep, A,, npedcmasasem cobol AUHELHYIO KOMOUHAYUIO OCMANLbHBLX CMOAO-
uos, ecau natidymcs maxkue yucia x',x%, ..., 2™ ' uz noan K, umo

Ap = At k=T, m—1. (1)

Onpeneanenue. Cmoarbuyst Ay, As, ..., A, HA36I8AHOMCA AUHELHO 3A8UCUMBIMU,
ecau Haidymes makue uucaa ¢, c?, ..., c™ us noas K, ne sce pasuvie HYyAtO, 4mo

Apct =6. 2)

Teopema 1 /{ns moeco umobol cmoabuyst Ay, As, ..., Ay, Obiau AuHelHO 3a8ucumbl Heob-
xodumo u docmamouro, umobov. 00UH U3 dMuUx cmoarbuos npedcmasisis coboil ruHel-
HYIO KOMOUHAUUIO OCMALbHDLX.

HJokaszateanbcTBo. Heob6xonumocTs. [lycte cTONOUB NHHEHHO 3aBUCH-

Mbl, T. €. HalinyTca Takve uucaa c',c?,...,c™, He BCe paBHblE HYJIO, UTO HMeeT MecTo
(2). Panu onpenesneHHOCTH mpennonoxum, uto ¢ # 0. Torma, yMHOXHB paBeHCTBO (2)
Ha —1/c™ u BBens o6o3Hauenue z* = —ck/c™, monyuum:

A — A, =0, 3)

5



[IpubaBuM K obGeum uacTsiM paBeHctBa (3) crosaben A,,. Tak kak A, + 6 = A, a
Apm + (—1)A,, = 6, To npuxonum K paBeHcTBy (1), T. e. ctonben A, sBaseTcs JUHEHHON
KOMOWHal el 0CTalbHBIX CTOJOLOB.

HoctatouHocTsb. [IyeTh onun U3 ctonbioB, Hanpumep, A,, eCTb JHHEHHAs KOM-
OWHalLKs OCTaJbHBIX CTOJNOLOB, T. €. UMeeM paBeHCTBO (1), KOTOpoe paBHOCHUJIBHO paBeH-
ctBy (3). [Mockoabky M3 umcesn x',z?,..., 2™ 1 —1 omHO 3aBefOMO He PaBHO HYJIO, TO
paBeHCTBO (3) rOBOPUT O JMHEHHOH 3aBUCHMOCTH pacCMaTpHUBaeMbIX CTOJOLOB. Teopema
IO0Ka3aHa.

PaBeHcTBO (2) MOXHO 3amucaTh B MaTpU4HOH (opme, ecjqd depe3 ¢ 0003HAYUTh
MaTPHILY-CTPOKY, COCTOSIIIYI0 U3 CTOJOUOB Ay, As, ..., Ay, T. €. e = ||Agl||m, a uepes
C = ||c*||™ — marpuuy-cTonben, coctosamyo us yucen ct,c? ... ¢™. Torma Apc® = eC.
CanenoBaresibHO, popmysa (2) mpuMeT BHA:

eC =0 (4)

Onpenenenue. Cmoabyvl Ay, As, ..., A, HA36I8QHOMCA NUHEUHO HE3ABUCUMbL-
mu, ecau pasercmso (4) svinoausiemcs moeda u moivko moeda, koeda C = 6, m. e.
HYyaresoll cmoabey,.

Teopema 2 Ecau cmoabyor Ay, As, ..., A, AuHElHO He3a8UCUMbL U UMEem MeCmo pa-
gercmso eB = eC, mo B = C.

(0]
JokaszateanbcTBo. M3 cBoiicTBa 3 omepauuu cjoxeHus matpuil us eB = eC
(0]

cnenyet, uto eB — eC' = . VI3 cBoiicTBa 2 yMHOXKeHUst MaTpull caenyet: e(B — C) = 6.
[To ompepesieHHIO TMHEHHOH HE3aBUCHMMOCTH 3TO PABEHCTBO HMEET MECTO TOTIa M TOJBKO
toraa, korna B —C =46, 1. e. B= (. Uto u Tpe6oBasoCh N0KA3aTh.

§4. Paur marpunbl. Teopema o 6a3aucHOM MUHOpe.

[Tyctb mana matpuua A = ||a}||™. dukcupyeM B Hell HEKOTOPOE YMUCJO 7 CTOJIOLIOB
M TaKoe Ke UHUCJO CTPOK. DJeMEeHTbl, CTOSIIIHe Ha MepeceueHUH BbIAeJeHHBIX CTOJNOLOB
1 CTPOK 00pa3yloT MaTpHly r-nopsinka. Ee onpenenuTesns Ha3blBaeTCss MUHOPOM 7-TO MO-
psiaka Matpuibl A. 3aMeTUM, YTO MUHOP 3JeMeHTa ONpenesauTeNss MaTpUllbl A — 4acTHBIH
clydyail MHHOpaA r-To TOpsiiKa 9TOH MaTpHLbl, a UMeHHO: 1) Marpuua A — KBagpartHas, 2)
r=n-—1.

Onpenenenue. Pancom mampuyv. A Ha3vi8aemcs HAMYPALLHOE YUCAO T, €CAU
y mampuyol A ecmob MUHOD T-20 NOPAOKA, OMAUUHBLL OM HYAs, A 8Ce MUHOPbL T+ 1-20
nopsadKka pasHol HYato, U 0bo3navaemcs cumeorom rang A. Munop r-20 nopadka, Hepas-
HbLLL HYAIO, Ha3bleaemcs 6A3UCHbIM MUHOPOM mampuybl A 1 0603Ha4aemcs CUMBOIOM
M.

Sameuanue l. Eciu y marpuusr A xoTsi Gbl OOMH 3jeMeHT aj # 0, TO 3aBeIOMO
rang A > 1. Ecam Bce af, = 0, To cumraercs, yro rang A = 0.

Sameuanue 2. Eciuy nxn-matpuubl A OTJHUYEH OT HYJISI MUHOP MOPSiiKA 7, T. €.
det A # 0, TO ero Ha3oBeM 0a3WCHBIM MHHOPOM, & PAHTOM — YHCJO 7, XOTS Y MATPHUIbI
A Her MuHOpa n + 1-ro nopsjka.

Gameuanue 3. Y marpuubl A MoXKeT ObITb HECKOJBKO Oa3UCHBIX MHHOPOB, HO BCE
OHH HMEIOT OIHH M TOT e MOPSANOoK 7 = rang A.

[Ipumep. Marpuua A = ||aPbi||” vMeeT paHr, paBHBIH eIHHHUIE, TaK KaK BCE MUHO-
pBI TIOpsiiIKa > 2 paBHBI HYJIIO (ec/d HaUAyTCs Takue p U k, IJsT KOTOPHIX aPby # 0).

Onpenenenue. Cmorbyvl (cmpoku) mampuysl A, Ha nepecewequl KOMoOpvLX
Haxooamcs anemenmol 6a3UCHOC0 MUHOPA, Ha3bl8aromcs 6asucHoimu cmorbyamu (cmpo-
KamiL).



Teopema 3 (O 6asucHomM MuHOpe) basucHole cmosbUbL MAMPULbL A JUHELIHO He3a8U-
cumot. JIroboil cmoabeu mampuuvt A npedcmasasiem cobotl AUHElHY0 KOMOUHAUUIO ee
b6asucHolx cmoabuos, npuvem makoe npedcmasierue eouHCcm8eHHO.

JlokasaTeabcTBo. 1) Jlokaxem BHauaje JHHEHHYIO HE3aBUCHMOCTb Gas3HUCHBIX
cronbuoB. PaccmoTpum 6asucHbeil MuHOp MaTpuubl A. Ilosoxum, njs onpeneseHHOCTH,
4TO 6A3UCHBIH MHUHOD PAacCIoJIOKeH B MEPBBIX 7" CTPOKAX M B TMEPBBIX 7" CTOJNOIAX MATPHUILbI
A, 1. e. My = det||a}||. # 0. Takoe npearno/oxeHue He sBJIsSETCS OrpaHUYeHHeM, HOO, ec-
Ji OBl 3TO OBLJIO He TaK, TO, MlepecTaB/isis CTPOKHU U CTOJNOLBI, BCEra MOXKHO PaCMONOKHUTh
6a3ucHble CTPOKH M CTOJOLBI B TMEPBBIX 7" CTPOKAX M CTOJAOLAX, a 3aTeM MepeHYMepoBaTh
CTPOKH M CTOJIOIBL. Jlokaxkem 1) METOZOM OT MPOTHBHOrO, T. €. MOJOXHM, UTO Oa3UCHbBIE
CTOJNIOLBI JIMHEHHO 3aBUCHMBL. Toraa, corjacHo TeopeMme 1, ofiMH M3 6a3UCHBIX CTOJIOLOB,
HanpuMep, r-blil NpeAcTaB/seT cOO0H JHHEHHYI0 KOMOMHALMIO OCTalbHbIX. BbluuTas 3Ty
JIMHEHHYI0 KOMOWHALUIO U3 3JIEMEHTOB 7-T0 CTOJ01a, Mbl, COTJIACHO CBOUCTBY 7, He W3-
MEHUM BeJIMUMHY omnpenenutesss My, HO B pe3yjbTare r-bliii cTosnben OymeT COCTOATb U3
Hyse#. [lo cBo#icTBY 6 3TOT ompenenuTesb paBeH HYJ0, T. e. M, = 0. [losydyeHHoe mpo-
THBOpPeYHe J0Ka3blBaeT MEePBYI0 YaCTb TEOPEMBI.

2) Ilyctb e — mo6oe mapHoe uucyo oT 1 mo n, a k — moboe uenoe yucao ot 1 mo m.
Paccmotpum onpepenutens (r+ 1) - ro nopsiaka:

1 1 1 1

a; ay; ... a, a,
D_ .
T T T T

a]l~C a% - al,; az

aiy as ... a5 a,

MoryT npencTaBUTbCS TPU Caydasi:

a) e <r, rorna D = 0, ubo onpenesuTeNb UMEET Ba OOMHAKOBBIX CTOJOLA;

6) k <r: D =0, ubo onpenesuTeysb UMeeT IB€ ONWHAKOBBIX CTPOKH;

B)e>r, k>r:D=0,ub60 D — munop (r + 1) - ro nopsiaka.

Hrak, D = 0 npu mo6blX 3HaueHUsX k, e. Pasnoxum onpenenurtens D Mo 3neMeHTaM
nocjeqHed cTpoku (popmyna 5*):

> a’;AI; +akAF = 0.
p=1

3aMeTHM, 4TO, BO-TIePBbIX, aireGpanueckie JOMOJHEHHs] 31eMEHTOB k - Ofi CTPOKHM COBCEM
He 3aBUCAT OT 3/1eMEHTOB 3TOH CTPOKH, 4TO CJedyeT M3 ONpeleseHHsl aire6panueckoro
nononnenus, T. e. A¥ AL . AF A¥ onnm u Te xe mas Bcex k = 1,m, U, BO-BTODHIX,
AF £ 0, tak kak AF = M,. Tlonenum nocnennee paseHctBo Ha AY u mepenecem Bce
cllaraemble, KpoMme TMOC/eIHero, B MpaBylo uyacTb. Beoas obosHauenue c, = —APF/AL,

p=1,r, nonyuum: af = ake?, rne p=1,7, k =1, m, unm B MaTpuuHoil opme:

[lagll™ = flayl[™c”,

rme p = 1,7, T. e. J0OOK e - BId croJbel SBJASETCS JMHEHHOH KoMOWHalHMeH Gaswuc-
HBIX cTONOLOB. OcTanoch MokKa3aTh 4TO 3TO MpeAcTaB/eHHe eIUHCTBeHHO. [Ipennonoxum
[POTHBHOE: €CTh ellle OJHO IpeicTaBiIeHHe e - ro croadua — [[af||™ = |lak||™bP, rae
p = 1,7. Belutem u3 mepsoro mpeactasienus Bropoe: 6 = ||ay|[™(c? — bP). Ho [[a}]|™,
p = 1,7 — 0GasucHble CTOJAOUbI U, CJeN0BaTEJNbHO, JUHEHHO He3aBUCUMBL. [losaTomy mo-
CJleflHee PAaBEHCTBO BO3MOXKHO TOTJa M TOJNbKO TOoraa, korpa c? — 0P = 0. 1. e. ¢ = bP,
p = 1,r. [losyyeHHOe MPOTHBOPEUHe MOKA3bIBAET €IHHCTBEHHOCTb pa3JjoxeHHus. Teopema
J0Ka3aHa.



CnenctBue 1. [lra moeco, umobol onpederumenrv D n-20 nopsadka pasHsACs
HYA0 Heobxo0umo u docmamouro, umobol mexcdy e2o cmorbyamu (cmpokamu) cyuie-
CMB08aAQ NUHEUHAA 3A8UCUMOCTD.

Heo6xonpumocrtse. HaHo: D = (0. TpeGyerca nokasaTb: ero CTosOLbl JHHEHHO
3aBUcUMBL. Tak Kak D = (0, To 6a3MCHBIA MUHOP MaTpHLbl onpeneauTess D uMeeT mnopsi-
noK r < n. [losTomy nocse BblieseHUs: r 6a3UCHBIX CTOJNOLOB HaleTCs ellle M0 KpaiHek
Mepe ONMH cToJj0el, He mMmomaBWIMU B yucao 6asucHeiX. [lo Teopeme 3 Takoil crosbel
npeicTaBJ/sieT co60i HEKOTOPYIO JIMHEHHYI0 KOMOMHALHUI0 6a3uCHBIX cTos01O0B. B cocras
3TOW KOMOHMHALHWH MOXKHO BKJIIOUHTh U BCE OCTaBILUHECS CTOJOLBI onpeaeautens [, nocra-
BUB Iepel HUMH, HalpuMmep, HyseBble K03 ¢puuueHTel. Ho Torma no teopeme 1 cTonbubl
onpeneanteas D ABJASOTCH JUHEUHO 3aBUCHUMBIMH.

HoctatouHocTb. Jano: cronbusl D nuHeHHO 3aBUCHMBL. TpebyeTcsi 10Ka3aTh:
D = 0. B cuny Teopembl 1 onuH U3 cTONOLOB onpefenntess D ecTb JUHeHHAss KOMOWHA-
LIUSl OCTAJIbHBIX CTOJOLOB. Ecay 3Ty JIMHeHHY0 KOMOMHALMIO BEIYECTb U3 3TOr0O CTOJ0LA,
TO 10 CBOHCTBY 7 omnpejaennTtesb [ He U3MEHUTCS, HO y HEro MOsIBUTCS HYJEBOU cToJ0ell.
[Tostomy mo cBoiictBY 6 D = 0. Uto u TpeboBasoch N10Ka3aTh.

CnenctBue 2.Hempusuarvrnas coemecmrnocms 00HOPOOHOU AUHELHOL cucmembl
ypasHerul.

[IycTe nana ogHOpoaHasi CUCTEMBl yPaBHEHHUH:

ddz" =0, p=T1,m, k=1,n, ()
¢ marpuueit A = ||a}||”. Cucrema (5) Bcerga coBMecTHa, MO0 HMEET TPUBHAJbHOE peliie-
Hue: 28 =0, k=1, n.
EcrecTBeHHO BO3HHKaeT BOMNpPOC: MPH KAaKUX YCJOBHSX cHCTeMa (D) HMeeT, Kpome
TPUBHAJIBHOTO, elle U Apyrue perueHus? OTBET Ha 3TOT BOIMPOC AAeT

Teopema 4 /[1s moeo umobol cucmema (5) umera HempusuasbHble peuleHus, Heobxo-
Jumo u docmamouro, 4mobsl pare Mampulbl cucmemost ObiA MeHblULe YUCAA Heu38ecm-
HblX, M. e. r <mn.

Heo6xomxumocTsb. [laHo: () UMeeT HeTpHUBHAJbHBIE pelleHus. TpebyeTcs mpoka-
3aTh: 1 < n.

Urak, cymecTByioT yncaa ct,c?, ..., c"
(5) B BepHBIE paBEHCTBA, T. €.

, HE BC€ paBHbIE HYJIIO, O6paLL[aIOI_LlI/I€ CUCTEMY

At =0, p=T,m, k=1n,

WJIX B MAaTPUYHOH (hopMme:
||G£Hnmck = 97 k= m,

T. €. cToJOLBl MaTpulbl A NuHeHHO 3aBUcHMBL. OTCIOfA CJENYeT, YTO MOPSAOK GA3HUCHOrO
MHHOpa 7 < n, U60 Gas3nCHbIe CTOJMOLBI ABJSIOTCS JUHEHHO HE3aBUCUMbBIMH.

HoctatouHocTts. HaHo: r < n. TpebyeTcs nokaszaTb: (D) UMeeT HeTPUBHUAJbHbIE
pelleHusl.

Tak kak r < n, To y martpuubl A xoTs Obl OAWH cTOJOel SIBJASIETCS He OA3HCHBIM.
[To Teopeme 3 3ToT cTON6ell MpeacTaBJ/sieT COOOH JMHEHHYI0 KOMOMHALHMIO Ga3HCHBIX
CTOJIOLOB, @ 3HAYUT M BCeX OCTaJbHBIX cTOsN6LO0B MaTpulbl A. Ho torma no teopewme 1
CTOJIOLBl MaTpULlBl A JIMHEHHO 3aBUCUMBI, T. €. [0 OINpeaeseHUI0 JUHEeHHOH 3aBUCHMOCTH

HalinyTcs Takue yncaa ! c?, ..., c", He Bce paBHbe HYJIIO, YTO CIPaBeNJHMBO PABEHCTBO:

lapllye® =0, k=Tn,
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WJIM B KOOPAMHATAX:
=0, p=T,m, k=1 n.

[TocsienHue paBeHCTBA FOBOPSAT O TOM, YTO COBOKYMHOCTb 1 uMcesa ct, c?, ..., c" npeacTas-
JisieT coboil HeTpPUBHAJbHOE pelleHHe CUCTEMBI (D).

CanencrtBue 3./[rs moeo, umobso. 00HOPOOHAS AUHELHAS CUCeMA N YPABHEeHUL
C N Heu3BeCMHbIMU UMeNLQd HempusualbHble peulerus, Heobxooumo u 00CMmamouHo,
umobolL onpedesumens Mampuyb. 3moil cucmemol 6vlL PABEH HYAIO.

CnencrBue 4. [laa moeo umobo. cmorbuv, mampuyol A 6viau AUHEUHO 308U-
cumol, Heobxodumo u docmamouno, umobol ee paue bvia meHbule yucia ee cmoabyos,
m. e.r<n.



I'n. 2. JIuHeliHbIEe IPOCTPAHCTBA.

Mbl nmopoliv K OCHOBHOMY TMOHATHIO Halero kypca. Co BpeMeH ApucToTessi U3BECT-
HO, UTO B OCHOBe J1060H HayKH JIEXKHUT TO, YTO MOXKHO Ha3BaTh 'MPUHLHMIOM HaMepeHHO
HeroJIHOT0 3HaHUs : abcTpakius U 06001eHHe KaK pa3 U COCTOSIT B TOM, YTO ONpefeseH-
Hble CBOHCTBa pacCcMaTpHBaeMbIX 0ObEKTOB CHCTeMaTHUECKH WTHOpUpPYIOTCS. AKcHoMaTu-
YeCcKHH MeTol B MaTeMaTHKe MpeAcTaBJjseT coO0i He YTO HMHOe, KaK NpPHMeHeHHe 3TOro
MPUHIIUIA, U OH OTJHYaeTcs OT APYrHMX CUTyalWi, B KOTOPBIX paboTaeT "NMPUHLUI HaMe-
PEHHO HeIoJIHOTO 3HAHUS' JIUIIb TeM, YTO BCe CBOHCTBA, KOTOpble MaTeMaTHK He CKJOHEH
UTHOPUPOBATh, T. €. KOTOPbIE OH »KeJlaeT MPU3HATh MPUCYLIMMH U3ydaeMblM 00beKTaM, 3a-
6OTJIMBO U HCUEPIIBIBAIOILE MEPEYUCAAIOTCS — W B JaJbHEHIIEeM 3alpeliaeTcs ONnUpaThbCs
Ha 4TO-11060, KDOME 3THX CBOUCTB (aKCHOM) W MPaBUJI JIOTHKH.

§1. OnpeneneHue JMHEMHOTO MPOCTPAHCTBA

Onpenenenue. Mruorecmso R aremenmos 1060t (Ho 00HOL) npupodol .y, e, . . .
HQ3bl8AEMC S AUHELHbIM NPOCMPAHCMBOM, eCAU

o
1. Cywecmsyem npasuno, ¢ nomowpro Komopoeo Abol ynopadouerHoll nape dre-

menmos x,y us R cmasumcs 6 coomsemcmsue mpemuii aremenm e u3 R, Ha3bi-
saemblll CYMMOL dremenmos x,y u obosnauaemolli "x +y";

2 . cyujecmsyem euie 00HO NPABUALO, C NOMOULLIO KOMOPO2o 05 21106020 diemerma
xr u3 R, u awboeo uucsa ¢ u3 noss K cmasumcs 8 coomsemcmaue dNemerm
¢ us R, Ha3vBaemblil npousgedeHuem LemeHma x Ha 4UCA0 ¢ U 0603HaUuaeMblil
cumsorom "cx'uru "ve"

o
3 . 0ba amux npasuia yoosiemeopsrom 8 aKcuOMam:

AKCUOMbL ONePayUL CAOHCEHUSL:
al) Ve,y e R x+y=y+x (nepemecmumenvroe c80iicmso),
a.2) Vr,y,e € R (r+y)+e=z+ (y+e) (couemamervroe coiicmso),

a.3) cywecmsyem Hysesol aremenm O maxoil, umo x + 0 = x Yx € R (ocobas poav
HY/1e80e0 dremeHrma),

a.4) Vx € R cywecmsyem npomusonosoxHulii saremenm ' makoti, umo x + x’ = 0;
AKCUOMbL ONePayUL YMHONEHUS:
a.b) YVr € R 1-x=x (ocobas porv uucro80eo mroxcumens 1),

a.6) Vo € R uVe,b € K ¢(bx) = (cb)x (couemamenrvroe 0mHOCUMEALHO YUCAOBbLX
MHOMCUMeAel CBOLLCMBO);

aKcuomeol, cea3viearouiue onepayul CA0MEHUS U YMHOMEHUA!

a.7) Ye,b € K u Ve € R (¢ + b)x = cx + bx (pacnpederumenvroe omHoCumesbHO
CYMMbL YUCA0BbLX MHONCUMEeNel C80LiCMB0),

a8) Ve € K uVr,y € R c(r+vy) = cx+ cy (pacnpedesumenrvroe 0MHOCUMENbHO
CYMMbL DNEMEHMO8 CBOLLCMBO).
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Gameuanue l. B onpenenennn MHOXKeCTBO R 3J71€MEHTOB JII0OOH, HO OTHOH TPH-
pOIBI.

Gameuanue 2. B a.6) onepauns yMHOKeHHUS unces cb U B a.7) onepawusi caoxe-
HUs 4yuces b + ¢ TIOHUMaeTcsl B CMbIC/e onepanui B moje K, T. e. OOBIYHBIX MIKOJbHBIX
Orepalui CJIOXKEHHSI U YMHOXKEHHS YHCeJI.

Sameuanue 3. Akcuomsl 1) - 8) He NpPeTeHAYIOT HA JIOTUYECKYIO HE3aBUCHMOCTb.
OHM MpoCTO SBAAIOTCS YOOOHBIM OMHCAaHHEM 0OBbEKTOB, KOTOPbIe MBI XKeJjlaeM M3ydaTh.

GameuaHnue 4. JIuHeliHOe MPOCTPAHCTBO MOXKHO MHTEPIPETHPOBATH KaK 0ObeH-
HeHHe TpexX 00BbEeKTOB: MHOXKeCTBa R W IBYX MpaBHJI, pUdeM rnpasuia 1, 2

KOPPEKTHOCTh
R — 1 npaBujo 2 npaBuao — mnoje K
l l
4 aKcuOMBI 2 aKcHUOMBI

2 aKCUOMBI

He MPOU3BOJIbHEL, A YAOBJETBOPSIIOT YCJOBUIO KOPPEKTHOCTH U 8 aKCHOMaM, U3 KOTOPBIX
4 oTHOCATCS K MepBOMY MpaBUJY, IBE€ — KO BTOPOMY IPaBUJY H elle ABe aKCHOMBI
CBSI3bIBAIOT 3TH ONEpaLuH ApyT ¢ ApyroM. HakoHew, npaBuso 2 3aBucuT oT noas K. Ita
cXeMa, eCTeCTBEHHO, MPUBOAUT HAC K MBIC/IM, 4TO N00aBJ/sis WM yOupas B 3TOH cxeme
"KyOuKH", T. e. BBOAS HOBble NMPaBUJa, UJH yOUpas 4acTb CTAPBIX, UJIM MEHSSl HUX, Mbl
MOJIY4UM ApPyTHe 0ObeKTHl aireOpsl. IMeHHO Tak OHH U CTPOATCS.

Gameuanue 5. B mMoHorpadusx mno anredpe 3JeMeHTBl JUHEHHOrO MPOCTPAHCTBA
YacTo Ha3bIBAIOTCS TOUKAMU WMJH BeKTopaMu. Tak e, MOAYEpKHBasi CBSI3b JHMHEHHOro
MPOCTPAHCTBA C YMUCJOBBIM NoJeM K, JMHelHOe MPOCTPAaHCTBO [ Ha3blBaeTcs JIMHEHHBIM
IPOCTpPaAHCTBOM [? Hapn noseM K.

Gameuanue 6. [lanee B 3T0H I/1aBe, He YIOMHHAS O YUCJIOBOM MoJie K, Hax KOTO-
PBIM OIpefieJIeHO JIMHeHHOoe POCTPaHCTBO, OyeM MoJsaraTb, UTO BCe YHUC/A NPUHAANEKAT
3TOMY YHCJIOBOMY monio K.

Gameuanue 7. Ilpu HameMm BBeIeHHH YHUCJIOBOTO MoJsi K JHHEHHOE MPOCTpaH-
CTBO COJIEPKUT UM OECKOHEUHO MHOTO 3JIEMEHTOB HJIM TOJbKO OAMH 3jeMeHT. HeTpynHo
MPOBEPUTH C MOMOILIbI0 aKCHOM, YTO MOCJAENHHH CJAy4all — 3TO MPOCTPAHCTBO, COCTOsIIIIEE
U3 HYyJEBOro 3JeMeHTa. DTO IPOCTPAHCTBO OylneM Ha3blBaTb TPUBHAJbHBIM JHHEHHBIM
NPOCTPAHCTBOM M 0003HaUaTb TaK XKe Kak M CaM 3jeMeHT OyKBOH 6.

Gameuyanue 8. [oroBopumcsi ynotpeO/sThb CJIOBO 9KBHBAJEHTHOCTb M MHUCATh
3HaK = JIMLIb TOT/A, KOTAA BBINOJNHSIOTCS TPH YCJIOBHS:

a) KaXKIbld 3JeMeHT 9KBUBaJeHTeH camoMmy cebe: Va, a = a (pedeKCHBHOCTB)

6) BBICKA3blBaHME, YTO 1Ba 3JEMEHTa SIBJSIOTCS 3KBHBaJEHTHbIMH, He TpebyeT yTOU-
HeHHsl, KaKOH M3 3/1IeMeHTOB paccMaTpHUBaeTCs MePBbIM U Kakod BTOpHIM: Va, b, a =
b= b= a (CUMMeTPUYHOCTD)

B) NBa 3JIEMEHTa, SKBUBAJIEHTHbIE TPEThEMY, SKBUBAJEHTHBI MeK Iy CO000H: Va, b, ¢ a =
buc=0b= a=c (TPaH3UTHUBHOCTB).

[Ipumepsl MUHEHAHBIX POCTPAHCTB.
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1) MuoxectBo K, Han mojeM K palMOHAJbHBIX YHUCEJ C OOBIYHBIMH OMepalUsIMH
CJIOKEHHUS U YMHOXKEHHUS HaJ YHCIaMHu B TOJeE.

2) MHuoxectBo Ky Hax mojeM Ky ¢ TeMH XKe ornepainusiMi, 4To U B 1).

3) MuoxectBo A* Bcex k X m - MaTpuil ¢ ABYMS JHHEHHBIMH OINEPALUsIMH, BBEIEH-
HBIMH B [J. 4 Kypca aHAJUTHUECKOH TeOMeTpPHH (TaM Ke JOKAa3aHO BHIIOJHEHHE
BCceX 8 aKCHOM OIpeesieHHs] JUHEHHOro mpocTpaHcTBa). Ecan n = 1, T. e. uMeem
MHOXKECTBO CTOJIOLOB OAHOH BBICOTHI k, TO JIMHEHHOE MPOCTPAHCTBO 0603HAYAETCS
T}, ero aJeMeHThl Ha3blBAIOTCS BEKTOPAMH, a 3J€MEHTbl CTON0IA — KOOpAMHATAMH
BEKTOpa.

4) MHoxecTBO V3 Bcex CBOOOAHBIX BEKTOPOB B MPOCTPAHCTBE C ABYMS JHHEHHBIMH
ornepauusaMHy (BbINOJHEHHE 8 aKCHOM [0Ka3aHO B Kypce aHaJUTHUECKOH reOMeTpHH).

5) B maremaTtuueckoM aHa/jM3e pacCMaTpPHUBAETCs MHOXKECTBO BCEX HeENpPepBIBHBIX Ha
cerMeHTe [a,b] QYHKUMH ¢ OOBIYHBIMH ONEPALUSIMH CJOXKEHHS W YMHOXKEHHs Ha
yncsao (3mech 6 ecTb (QYHKLHS, TOXKAECTBEHHO paBHasi HYJNIO Ha BCEM CerMeHTe).
JTOo NMHeHHOe NPOCTPAHCTBO 0003HauaeTcss CUMBOJIOM Clqp).

6) Clap) — TO Ke, 4TO B D), HO (ByHKUHMH HUMEIOT k HenpepeiBHbIX NPOHM3BOAHEIX Ha
cermenre [a, bl.

7) PaccmoTpuM MHOKeCTBO IR BEKTOPOB Ha IJIOCKOCTH, Hayasa KOTOPBIX COBMALAIOT C
Haya/JoM KOOpAMHAT, BBEIEHHbIX Ha MJOCKOCTH, a KOHLl — B Ipelesax MepBOro
KBajipaHTa. ByneTr nu Takoe MHOKECTBO BEKTOPOB C OOBIUHBIMH JIMHEHHBIMH OTlle-
pauusiMu 06pa3oBBIBaTh JHHeHHOe npocTpaHcTBo? OTBeT: HeT, Tak Kak, HalpuMmep,
HEeKOppEeKTHa orepalus yMHOXKEHHUSI BEKTOPa Ha UMCJIO0 — INPHU YMHOXKEHHUHU BEKTOpa
Ha -1 mosy4yaem BeKTOp, He NMpPHUHAJJEXKALIMH paccMaTpUBaeMOMY MHOXECTBY.

8) O6pasyer Jiu JUHEHHOE MPOCTPAHCTBO MHOXKECTBO CTOJIOLIOB BBICOTHI 7, Y KaXKIOTO
U3 KOTOPbIX COBMajaeT MepBasi ¥ MOCJeAHsIs KoopauHaThl? OTBeT: 1a.

Ha nowm:

1) O6pasyioT /iU JMHEHHOe MPOCTPAHCTBO MHOXKECTBO BCEX BEKTOPOB Ha TMJIOCKOCTH
32 HCKJIIOYEHHeM BEKTOPOB, MapaJjijieibHbIX HEKOTOPOU (PUKCHPOBAHHOM MPSIMOH, C
OObIYHBIMH JIMHEHHBIMH OmepalussMUd Haja BekTopamMu? OTBeT: HeT (HEKOppeKTHasi
ornepanus CJA0XKeHHs)

2) PaccMOTpUTE MHOXKECTBa BEKTOPOB C OOBIYHBIMHM OTEpalUsiMH CJIOXKEHHS ¥ YMHO-
JKeHus1 Ha 4ucao T = (a,b,c) Takux, uto a) a = 0, 6) a = 0 uau b = 0, B)
a+b=0,1) a+b=1. B KakoMm M3 3THX CJyyaeB COBOKYITHOCTb OYyIeT JHUHEHHBIM
npoctpaHctBoM? OTBeT: a) na, 6) HeT, B) Ja, T') HeT.

§2. HekoTopsie nmpocTteiine CBONCTBA JUHEUHbIX MPOCTPAHCTB.

M3 a.l) - a.8) MOXHO MOJYYUTH CJEAYIOLIHE TEOPEMBI.

Teopema 1 B awbom aureiinom npocmparncmae cyuiecmayem eOUHCMBeH bl HYAe80Ll
NeMeHM.

12



HokaszaTteunsbcTtso. CymecTBoBaHHe XOTs Obl OMHOTO HYJIEBOrO 3JieMEHTa yTBep-
x)naaet a.3). [Ipenmnonoxkum, 4To TakUX 3JeMeHTOB ABa: ¢ u 6. [losoxkum B a.3) x = 64
u 0 = 6, Torma 0 + 0y = 0,. Ilonaras B Toll ke akcuome x = 6y u 6 = 61, MoayIUM
Oy + 01 = 05. Tak kak mo a.l) 01 + 0y = 6, + 01, T0 61 = 6. UTo 1 TpebGoBasOCh 10KA3aTh.

Teopema 2 B aro0bom aunetinom npocmparcmee 0458 Kaxi0020 ILemeHma cyw,ecmayem
e0UHCMBEHHbLL NPOMUBONONONCHDLIL INEMEHM.

HokasatenbcTBo. CyluecTBoBaHHe XOTs Obl OJHOTO MPOTHBOIOJOXKHOTO 3Je-
MeHTa yTBepxkaaerT a.4). IlycTb [/si HEKOTOPOTO 3J€MeHTa & HMMEKTCs [Ba MPOTHBO-
MOJIOKHBIX 3JeMeHTa z) u zi,. Pacemorpum cymmy z + x) + z,. C OmHOH CTOPOHBI,
v+t = (x+2)) +2y, = (o ad)) =0 +a, = (no al)) =2, +6 =2, C
APYroil cTOpoHEl,  + 2] + x4 = (no a.l1)) = 2| + x + a4 = (no a.2)) = 2 + (z + ) = (1o
a.4)) =2 + 60 = (no a.3))= z}. Orciona cnenyer, uto zj = z7,. Teopema noKasaHa.

Teopema 3 /[15 1106020 snemenma T AUHELHOCO NPOCMPAHCMBA UMeem MECmO pPaBeH-
cmseo 0-x =0.

HokaszatenbctBOo. x=(moab)=1-x=(1+0)z=(moa7)=1-z+0-z=
(mo a.b5) =xz+0-z,1.e. x=x+0-z [lpubaBass Kk 06erUM YacTIM MPOTHUBOMOJONKHbIH
sneMeHT &' mas x, HalgeM v +2' =2+ 0-z 4+ 2. [loa.l)nad): 0=0-24+60=0-x.

Teopema 4 [[1s 21106020 sremenma T AUHELUHOEO NPOCMPAHCMBA NPOMUBONOLONCHDLLL
aremenm ecmo asemenm (—1)x, m. e. ' = (—1)x.

HokaszatenbctBO. + (—1)r = (mo a.9)) = 1.z + (—=1)z = (no a.7)) =
(1—1)x=0-2=(mo 1.3) =0, 1. e. a1eMeHT (—1)x ynoBJjerBopsieT a.4), T. e. sBJseTCS
MPOTHBOTIONOXKHBIM [JIs .

O6o3Hauum (—1)z = —x. Termepb MOXKHO BBECTH TOHSITHE PA3HOCTH 3JEMEHTOB JIM-
HEMHOro MpocTpaHcTBa: * —y = x +y = = + (—y), T. €. pa3HOCTb 3JIEMEHTOB = U Y €CTb
CyMMa & ¥ MPOTHBOIOJIOXKHOTO K 4 3JIEMEHTa.

Ha pgowm: lokasaTh, uto 1) a-60 =460, 2) —0 =6.

Pemwenue. Va € K,Vx € R axr = (a.3)) = a(z +0) = (a.8)) = ax + ab, 1. e.
ax = ax + af . lo6aBUM K 00€UM YacTsM MOCJEIHEr0 paBeHCTBA 3JeMeHT —ax. B cuay
a.l), a.4) umeem 6 = af. B yactHocTH, npu a = —1 umeem: 0 = —0.

§3. JluHeitHas 3aBUCHMMOCTb 3JIEMEHTOB JIMHEHHOTO MPOCTPAHCTBA.

I[lycTb 21, X9, ..., T, — 3JEMEHTHI JHUHEHHOro nmpocTpancTea R, ¢!, c?, ..., c" — uucia
u3 K.

Onpenenenue. Inemenm y = x,c" Hasvieaemcs aunelinoti kombunayuetl sie-
MEHMO8 Ty, T, ..., T, C KOAppuyuernmamu ct,c?, ... c"

Eciv ¢! =c? =... =" =0, 10 B cusy Teopembl 3 1 a.3) y = 0.

Onpenenenue. Iremenmol Ty,Ta,...,T, HA3bIBAIOMCL AUHEUHO 3A8UCUMbBIMU,

ecAu HeKkomopas ux AuHelHas Komoburayusmu, He ce Koagh@uyuermol KOMopoL pagHol
Hyato, daem aremerm 6.

Onpenenenue. Iaemenmol T1,To,...,T, HA36LBAOMCS AUHEUHO HE3ABUCUMDbL-
Mu, ecau xpc® =0 moeda u mosvko mozda, kozda sce c* =0,k = 1,n.

Bce 3TH omnpenesieHHss 1OCJOBHO MOBTOPSIOT aHAJOTHYHBIE OMpeeseHHUsI, KOTOpble Obl-
JIM JIaHbl [J151 BEKTOPOB B BEKTOPHOH asrebpe u mjsi ctonaduoB B §3 ri. 1 Hamero kypca.
Tonbko Tenepb npupopa 374eMeHTOB He KOHKPETHU3UPYETCS.
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Teopema 5 /[1s moeco umoboel snemenmol 1, Lo, . . ., T, ObIAU AUHELIHO 3A8UCUMbL, HEOb-
xodumo u docmamouro, umobol 00uUH U3 HUX OblL AUHELHOU KomMbUHAyuel OCMALbHbLX.

JlokazaTesbCTBO 3TOM TeOpeMbl COBMANaeT ¢ A0KasaTeJbcTBOM TeopeMmbl 1 §3 I, 1.
Jlerko m0Ka3bIBAIOTCS CJEAYIOIIHE TEOPEMBI.

Teopema 6 Ecau x asemenmam xy,xs,..., T, dobasums HYyre80U sremenm O, mo are-
MEHmMbL Ty, Lo, . .., Ty, 0 AUHellHO 3a8UCUMbL.

Il noKasaTesbCTBa JOCTATOUHO B JIMHEMHOH KOMOWHALMU 1 + 1 3JIeMeHTOB MOJIOXKHUTh
cd=c2=...=c"=0,c""=1.

Teopema 7 Ecau anemenmol x1,x,,. .., %, AUHELUHO 3A8UCUMbL, MO INEMEHMBL T1, Lo, . . .
Ty Tpi 1y - - -, T MAK HCE AUHELHO 3A8UCUMDL.
[Ipumeps.
1 0 0
0 1 0
1) B nmpoctpanctBe Ty, e1=| . |,ea=1| . |,...,e,=| . | 1uHelHO He3aBHUCHU-
0 0 1
MbI, TaK KakK y = exc® = ||c¥||" = 6 = ||0||" Tonbko Torna, Korma Bce ¥ = 0,k = 1,n.

m.
2) DnemeHTHl mpocTpaHcTBa AT

1 o o0 ... 0 0 1 0O ... 0
0O 0 O ... 0 0O 0 O 0
61 = El = y 62 = El =
0O 0 O 0 0O 0 O 0
0O 0 O 0
0O 0 0 ... .
cy Emxn = E" = JIMHEHHO He3aBHUCHMBbI, 60 y =
0O 0 O 1
c! 2, o,
Cn—l—l Cn+2 o CQn
exch = ’ ’ = 6§ = ||0]|™ Torna u ToJBKO TOTAA,
Cn(m—l)—l—l Cn(m—l)—‘rQ’ o cnm
Korga Bce ¥ =0,k = 1,nm.
3) dnemeHTrl Clap: €1 = sin?z, eo = 3cos’z, e3 = —1 — JMMHEHHO 3aBUCHMBI, TaK KaK
y=exc*=0mnpuct =3,2=1,c3=3.
4) OnemeHTH Clap: e = l,ea = T,e3 = 2%, .. enp = 2", THe N — J060e (UKCH-

pPOBaHHOe HaTypaJsbHOE YHUCJO, JHUHEHHO He3aBUCUMBI, MO0 JIMHeHHas KOMOWMHaLUs

y = ct+cr+.. .+ e" = 0 — KoHeYHOe ypaBHEeHHe KOTOPOe 10 OCHOBHO# Teopeme

anre6psl NpH JI0OLIX ¢, He BceX PaBHBIX HYJIO, UMeeT He GoJee n KOPHeHd OTHOCH-

TeJNIbHO x Ha [a, b]. CjiefoBaTeNbHO, Heb3sl BHIOPATh HETPHUBHUAJIbHYIO COBOKYITHOCTb

ynces ¢® Tak, 4TOOBI 3TO PaBEHCTBO BHIMONHAJIOCH 1JIsl BCEX T M3 CerMeHTa [a, b].
Ha nowm: [okasars: ecau z,y, e — JHHEHHO HE3aBUCUMbIE 3JIeMEHTBl IPOCTPAHCTBA, TO
3TUM K€ CBOHCTBOM 00Ja0al0T 3JeMeHTHl T + Y,y + €, € + .
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§4. ba3uc u KoopaUHATHI 3JIEMEHTOB JUHENHOTO MPOCTPAHCTBA.

B BekTopHO# anredpe 6bl710 BBeeHO MOHATHe 6a3uca. Kaxkablii BEKTOp B MPOCTPAHCTBE
3ajaBaJjics TpeMsi YMCJIaMH — KOOPAMHATAMHU B HEKOTOPOM Ga3uce. AHaJOrMYHOE TIOHSATHE
BBeleM B JIMHEHHOM NpocTpaHcTBe. TouyHee, MOHATHe 0asuca B BeKTOPHOH ajnrebpe —
YaCTHBIA CJydal TOTO MOHATHUSA, KOTOPOE Mbl Cedyac BBELEM.

Onpenenenue. CoBoKYnHocms n AUHELUHO HE3ABUCUMbLX INEMEHMOB €1, €a, . . .
e, Haselsaemcsa 6aaucom auHeliHo2o npocmparcmsea R u 0b6o3nauaemcs CUMBOAIOM
(ex)n, €cau 0as a06020 x u3 R cyujecmsyrom makue uucia x', z?, a", umo v = ek,
npuuem ama AUHEUHas KOMOUHAUUS HA3bIBAEMCS PA3AOHEHUEeM dLemenma no basucy

(ex)n, @ uucaa x¥ — Koopdunamamu ssremenma v 6 6asuce (ey).,.

Teopema 8 Paszaoocerue aw0b602o sremenma AuHeliHO20 npocmpancmsea no O0aHHOMY
b6asucy eduHcmeenHo.

k

HdokasaTedabcTso. (Or npotuBHoro). [lycth x = era” u x = e,b®. Berutem u3

MepBOro pasJ/oXkKeHHs sjeMeHTa x Bropoe. Torna 0 = ey (a® —b*¥). Tak kak ey, e, ..., e, —
JIMHeHHO He3aBUCUMEL, To a* — b =0, 1. e. a* = b*, k =1, n.
[Tpumepsl.

1) Jluneiinoe mpocTpaHcTBO V3: /Mio6ble TPU HEKOMIIAHAPHbBIE BEKTOPHl 00pa3yioT 6asuc
(370 mOKa3aHO B Kypce aHANUTHUECKOH I'eOMETpPHH).

2) JluneiiHoe mpoctpaHcTBo T3: B mpumepe 1) §3 npuBeneHbl JMHEHHO He3aBUCHMbIE
3JIEMEHTHI €1, €y, . . ., €,, TIPHYEM JUIs Kaxaoro x = ||a*||" = era®, 1. e. ykasanubie
3JleMeHThl 06pasyloT 6asuc.

3) JluneiiHoe HpOCTpaHCTBO A B anMepe 2) §3 ykasaHbl n X m JHUHEHHO HE3aBUCH-
MBIX 3JeMeHTOB Ep,p =1, m,k = 1,n, npuuem

m n
A= ez = Y3 Blal,

p=1 k=1

T. €. (€x)nm — 0a3uc B JUHEHHOM TpocTpaHcTBe AT

3HaueHnue 6asuca. [locse BBeneHus: 6asuca abCcTpaKTHble ONepaLUy Haj 3JeMeHTaMU JH-
HEHHOro MPOCTPAHCTBA CTAHOBATCS OOBIYHBIMU (TOUYHEe, MPUBBLIYHBIMU) OMEPALUSIMU CJIO-
JKEHHs1 MU YMHOXEHHS HaJ YHCJaMHd — KOOpPAHMHATAMHU 3JIeMEHTOB, UTO yTBEpKAaeT cJje-
ayouias

Teopema 9 [Ipu cromcenuu 08yx sremenmos AUHELHO20 NPOCMPAHCMEA UX KOOPOU-
Hamol ckaaovigaromea. [lpu ymuoxcenuu aremenma Ha 4UCAO 6ce e20 KoopouHamel
YMHONAIOMCA HA 9MO HUCAO.

INlokasaTteabcTso. [lycte z = epa®,y = e;b*. Torma B cuy akcHoM JIMHEHHOTO
npocTpaHcTBa T + y = epat + exb* = (a.l, 2, 7) = ex(a® + b*) u zc = (epa®)c = (a.8, b)
= ex(afc). Tak Kak pas/oxkeHHe Mo 6asucy B CHJY TeOPeMbl 8 eIHHCTBEHHO, TO TeopeMa
IOKa3aHa.

PasnioxeHune 3/1eMeHTa T JHHEHHOTO IPOCTPAHCTBA MO 6a3ucy (e ),: & = era® — MoX-
HO 3amucath U B APYroi gopme. [y 3TOro BBeieM MaTPHUIIBI COCTABJIEHHbIE U3 3JIEMEHTOB
JIMHEHHOT0 MPOCTPAHCTBA (B OTJIMYHMHU OT UHUCJOBBIX MaTPHIL OyieM X 0603Ha4aTh MaJjbIMH
oyksamu). [IycTb e = (e, €3, ..., e,) = ||€y||n. O603HAUMM X, = ||a*||" MaTpuiy-cTONGEL,
COCTOSILILYIO M3 KOOPIUHAT 3jeMeHTa = 1o 6asucy (ey),. Torna pasioxeHue z no 6asucy
(é), 3anuiIeTCs Tak:

r = epa = eX.,. (%)

15



Jlemma 1 [lycmo saemenmor x1, 2o, ..., 2T, AUHelHO20 npocmparcmea R pasiodxcerol
no 6asucy (ep)n: xp = epar, k = 1,m. Toeda u3 aunetinoll 3asucumocmu cmosbly08
mampuyor A = ||al||" credyem auneilnas 3a8UcUMOCTb INEMEHMOB X1, T, . . .\ Tpy.

HokasatenbcTBo. Beegem o6osnauenue X = ||ab||", k = 1I,m, Torna x, =
epai = eXe. [lo ycnoButo ctonbusl X, JUHEHHO 3aBUCHUMBI, T. €. HAUAYTCS TaKHe 4yucJ/a
ct,c?,...,c™ He BCe paBHBbIe HYJIO, 4TO X c¥ = . PaccMOTPUM JIMHEHHYO KOMOHHALIMIO
1pc® = (eXgp)c® = (mouemy?) = e(Xpocf) = el = (e1,e9,...,¢,) - |[0]" = €1 -0+ €30+

...+e,-0=(no 1.3 uad)) =40, T e 3JeMEHTH X1, Ls,..., T, JUHEHHO 3aBUCHMBHI.

§5. Pa3MepHOCTh JUHEIHOrO MPOCTPAHCTBA.

Onpeneanenue. Hamyparvroe uucio n Ha3v.8aemcs pasmeprOCmMbio AUHELHO20
npocmparcmsa R u o6o3nauaemca cumsorom dim R, ecau 8 AuretiHom npocmparncmee
R ecmv n aunelino He3asucumolx anemenmos, a aw0bvie n + 1 anemenmos AuUHEUHO
sasucumvi. Camo npocmparcmeo R nasvieaemcs n-meproim u 0603HAUACMCA CUMBOLOM
R,.

MHaue rosopsi, pasMepHOCTb JIMHEHHOTO MPOCTPAHCTBA paBHSETCS MaKCHMaJbHOMY
YUCJTY JIMHEHHO HE3aBUCHMBIX 3JIEMEHTOB 3TOTO MPOCTPAHCTBA.

Onpenenenue. Jlunetinoe npocmparcmseo Ha3vieaemcs 6ECKOHEUHOMEPHLIM,
ecau 6 Hem Hatidemcs aoboe Haneped 3a0aHHOE HUCAO AUHEUHO He3a8UCUMbBLY INEeMEH-
moe amoeo npocmparcmea, u 0603Hauaemcs cumsorom R..

Hanpumep, suneiinoe npoctpaHctBo Cl,p O€CKOHEUHOMEPHO, HOO KaK MOKa3aHo B
npumepe 4, §3 snementn e, = 2*" 'k = 1,n, me n — nw0Goe HaTypasJbHOE YMCIIO,
SBJSIIOTCS JUHEHHO HE3aBUCUMBIMHU. TakKxke GeCKOHEYHOMEpPHBIM SIBJISIETCS MPOCTPAHCTBO
BCEX MHOTOUJIEHOB.

Teopema 10 Ecau R, — iunetinoe npocmpancmeo pasmeproCcmu n, mo 8 Hem Cyuye-
cmsyem 6a3uc u3 n aLemenmos, npuuem 8 Kauecmse 6a3uca MOHCHO 83imb A00Oble N
AUHELIHO He3AB8UCUMBLY INEMEHMO8.

HokaszateuabcrtBso. [lo onpenesenuto pasMepHOCTH JIMHEHHOTO MPOCTPAHCTBA B
R, nMeroTcsl n TMHEHHO HE3ABUCUMBIX 3JIEMEHTOB €1, €3, . . . , €,. [/ TOro 4T00H yOEAUTh-
Csl B TOM, YTO 3TH 3JeMeHThl 06pa3ytoT 6asuc, JOCTATOUHO MOKA3aTh, UTO MPOU3BOJIbHbIH
3JleMeHT = U3 R, ecTb JHHeHHass KOMOMHALUS 3JeMEHTOB ey, e€s,...,€e,. [lo onpenese-
HUIO Pa3MEPHOCTH JIMHEHHOr0 MPOCTPAHCTBA 3JIEMEHTHI &, €1, €, . . . , €, JUHEHHO 3aBUCH-
MBI, T. €. CyllecTBYIOT yncaa ¢, ¢!, ..., ¢, He Bce paBHbIe HYJIO, TakHe, uTo xc’+epch = 6.
OueBuzHO, 4To  # 0, HOO HHAUe €1, €y, .. ., e, ObLIN Obl JUHEHHO 3aBUCHMBL. O6O3HAUMB
b = —ck /% k =1 n, nonyunm z = ex2*, 1. e. (e}), — 6asuc B R,.

Teopema 11 (O6pamnas) Ecau 6 auneiinom npocmparcmee R ecmov 6asuc us n ane-
menmos, mo dim R = n.

Hoxasarteabcrtso. [lyers (e,), — 6asuc. Ilo onpenesnenuto 6asuca ey, e, ..., €,
JWHeHHO He3aBUCUMBI. [TokakeM, 4yTo J00Oble N + 1 37eMEHTOB JUHEHHO 3aBUCUMBI. Pac-
CMOTPHM TPOU3BOJIbHBIE 3JEMEHTBI X1, Lo, - . ., Tpi1. PA3J0OXKHUM KaxKAbli U3 HUX M0 6asu-

cy: xp = epap, k = 1,n+ 1. PacemoTpum n x (n+1) -matpuny A = ||a}||”, ;. O4ueBuaHoO ee
panr < n, T. e. MeHblue 4yncaa cToaouoB mMatpuusl A. Torma mo ciepctsuio 4 K Teopeme
0 6a3HCHOM MHHOpE CTOMOIBI MAaTPHUIbl A JIMHEHHO 3aBUcHMbI. CJleJoBaTebHO, MO JeMMe
1 3/IeMeHTHl X1, T, . . ., Tpy 1 JUHEHHO 3aBHCHMBI. TeopeMa 10KasaHa.

3ameuanue. Temepb Ha OCHOBAaHHM [OKAa3aHHBIX TEOPEM MOXKHO YTBEPXKIATh, UTO

dimVs =3, dim7, =n, dimA =m-n.
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§6. IIpeoOGpa3oBanne 6a3uca ¥ KOOPAMHAT 3JEMEHTOB JUHEUHOTO
MPOCTPAHCTBA.

[lycts B sMHeHHOM mpocTpaHcTBe R, nmaHbl ABa 6asuca (ey), U (¢x),. Pasnoxum
3JIeMeHThl BXOJsIIUe BO BTOPOH 6asuc, Mo neppomy 0asucy:

¢k’ = epaia k= 177 (1)

Ecnu BBectu o6osuauenus ||ar||” = A, ||ok|ln = &, ||ex|ln = €, To paBenctBo (1) MOXKHO
3anycaTtb B MaTPUUYHOHU (popMe:

¢ =eA. (2)

®opmyna (1) (nam, yTo To ke camoe, dopmyna (2)) maet mpaBuJo Mepexona oT Gasuca
(éx)n K 6a3ucy (¢),, MIpuueM MaTpulia A Ha3bIBaeTCsl MaTpULEH Mepexona. 3aMeTHM, UTO
JM000M k-blid cTOJ0el 3TOH MaTpULLBl COCTABJIEH M3 KOOPAMHAT 3JeMeHTa ¢ Mo 06asucy
(éx)n. [lpu 3TOM A — HeBHIpOXKIEHHast MaTpHLa, HOO MHaYe MO CJEACTBHIO | K Teopeme
0 6a3MCHOM MHUHOpe MexXAy CToa0IaMud MaTpuibl A Obla 6Bl 3aBUCUMOCTb, a 3HAUWUT B

cusy paBeHcTBa (2) U JieMMBI 1 371eMEHTHI ¢y, (g, . . . , ¢y, ObLIK Obl THHEHHO 3aBUCHMBI, YTO
npoTuBopeuut ompenenenuto 6asuca. I[lockonbky D = det A # 0, To marpuua A umeer
ooparuyio A~' = |[b}|[», rne by = (1/D)¥5_, A, a AY — anreGpanueckoe JOMOJHEHHE

snementa af marpuupr A. [losTomy, yMHOXKHB paBeHCTBO (2) crpaBa Ha A~', momyunm
bopmyay mepexona ot 6asuca (¢y), K 6asucy (ex)n:

e=¢pA ", (3)
WX B KOOpAHWHATax:
k=1

Hrak, ycraHoBJ/eHO, Kak npeoOpasyeTcs 60as3uc Mpu JUHEHHOM NpeoOpa3oBaHUMU.
[ToctaBuMm ele ogHy 3agady: BBISICHHUTH, KaK TPU TaKOM MpeoOpa3soBaHUM M3MEHSTCS
KOOPJIMHATH! TIPOM3BOJILHOIO 3J1€EMEeHTa T MPOCTpaHcTBa R,,?
[Tyctb sseMeHT & B Gasuce (ey), UMeeT KOOpauHaThl bl b2, ... b", T. e. onpenensieTcs
matpuuei-cronéuom X, = ||b¥||", a B Gasuce (¢), — KoopmuHaTaMu ct,c?, ... c", T. e.
3anaetcs matpuueii-cronbuom X4 = ||c*||". Takum o6pasom,

r=ebt =eX,, z=¢= P X 4.

CpaBHHBas 311 paBeHcTBa, UMeeM: eX, = ¢X,. Ho ¢ = eA. [Tostomy ¢ Xy = (eA) X, =
(cBoiicTBO 1 onepaunu ymHoxKeHus MaTpul) = e(AX,). CaenoBaresbHo,
€X6 = €(AX¢)

B 3ToM paBeHCTBe cjieBa M CIpaBa CTOAT Pa3JsOKEHHUS OJHOTO M TOTO Ke 3JieMeHTa I0
6asucy (eg),. B cuIy eIMHCTBEHHOCTH Pa3JiOKeHHSs 110 TaHHOMY 0a3hCy MMeeM:

Xe = AX,, (5)
WJIK B KOOpAMHATAX:
b =akc? k,p=Tn. (6)
YMHOXHUB paBeHcTBO (5) Ha MaTpuiy A~! ciesa, mosydum:
Xy =A"X,. (7)
PaBeHcTBO (7) B KOOpAHHATaX:
ckzl/D-Zn:Aﬁbp, k=1,n. (8)
p=1
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§7. IlognpocTpaHcTBa JUHEHHOrO MPOCTPAHCTBA.

Onpeneanenune. [loonpocmparncmeom aunetinoco npocmparcmsa R na3vieaem-
ca aoboe Henycmoe mHOxecmso N aiemenmos 3moeo npocmpaHcmea, Ha KOmopom
KOppeKmHbL ONepayul CAOMECHUS U YMHONCEHUS HA YUCAO, 86€0EHHbLE 8 AUHELHOM NPO-
cmparcmee R, m. e.

Q) Ve,ye M x+ye M, 6)Vee KuVre M xzce M.

CcopmynupyeM U J0Ka)KeM HEKOTOpble CBOWCTBA MOANPOCTPAHCTBA JIMHEHHOrO MPO-

CTpaHCTBA.

CaoiictBo 1 Bcakoe nodnpocmparcmeo aunetinoco npocmparcmsea R ecmo aunelnoe
npocmparcmao.

HokaszateabcrtBo. Kak cienyer U3 ompeseseHHs] MOANPOCTPAHCTBA HAM AaHBI
MHOXecTBO ) 3JIeMEeHTOB W JBe JMHeiHble onepauuu. [lostomy misi mokasaresbcTBa
3TOT0 CBOHCTBA JOCTAaTOUHO MPOBEPUTb BBINOJHEHHE aKCHOM JHMHEHHOrO MPOCTPaHCTBA.
Brinosnnenue a.l), 2), 5) - 8) oueBHIHO, TaK KaK OHH MMEIOT MECTO AJisl BceX 6e3 HCKJIIO-
YyeHHs 3JeMeHTOB npoctpaHcTBa R. Ocranoch npoBeputsh a.3), a.4). Ilyets o — mo60oi
ssnemeHT U3 M. Torna no omnpenesieHUto noanpocTpancTBa: Ve zc € M. Ecau ¢ = 0, To
no teopeme 3 0-x = 6, U, cienoBaTeNbHO, MHOXECTBO M CONEPXKHUT HYJEBOH dJEeMeHT 6,
T. . a.3) BoinosiHeHa. Ecan ke ¢ = —1, To no teopeme 4 (—1)x ecTb 3/7€MEHT NPOTHBO-
TMOJIOXKHBIM 3JIeMeHTy Z, H, CJiefoBaTeJbHO, MHOXKeCTBO M BMecTe C KaxKIbIM 3J€eMEHTOM
& COLEPXKUT U eMy TMPOTHUBOMOMNOKHBIH, T. €. a.4) BBINONHEHA.

[Ipumepsl.

1) MunuMaJ/bHOE N0 Pa3MEPHOCTH MOAMPOCTPAHCTBO JI0O0T0 JHHEHHOr0 MPOCTPAHCTBA
R — 0.

2) Maxkcuma/bHOe 10 Pa3MEpPHOCTH TOANPOCTPAHCTBO JIIOOOTO JIMHEHHOTO MPOCTpaH-
CTBa — CaMoO JMHeHHOe MPOCTPAHCTBO.

3) INonmpocTpaHcTBa THHEHHOTO MPOCTpaHCTBa V3. IByMepHOe — MHOMKECTBO BCEX BEK-
TOPOB, MapaJljeNbHbIX KaKOH-IHO0O0 MJIOCKOCTH; OJHOMEPHOE — MHOXKECTBO BCeX BeK-
TOPOB MNapaJl/eNbHbIX KaKOH-IH00 MPSAMOH.

4) TlpocrpanctBo 71),: myctb k < m. M — MHOXeCTBO BceX 3JeMeHTOB ||aP||™ u3s T,
nasa Kotophix al =a? = ... = a* = 0.

5) IlpoctpanctBo A”: myctb e < m,s < n. M — MHOXeCTBO Bcex MaTpul ||a||™ u3

A™ nast kotopeix ap =0, p=T1,e, k=1,s.

CsoiictBo 2 dim M < dim R,,.

HokaszateanbctBo. [lycts x1,29,...,2,,1 — Kakue-nubo snemeHnThl U3 M. Ho
TOTJla OHU MPHUHAJJEKAT MPOCTPAHCTBY R, B KOTOPOM Jt0Oble 1 + 1 3/1eMeHTOB JIMHEHHO
3aBUCUMBI. OYeBHUIHO, YTO 3TO BEpPHO U Ha M.

CgoiictBo 3 (0 momosHeHuu 6asuca) . Ecau (e,), — 6asuc 8 nodnpocmparcmse M
Aunelinoeo npocmparcmea R, npuuem k < n, mo moxro max vlbpame dnemermol 8
R, €xi1, €542, ..., €y, umo (ey,), 6ydem 6asucom 8 R,,.
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HokazateanbcTBo. B auHeliHOM mnpocTpaHcTBe R, CyllecTByeT MO KpailiHed
Mepe OIWH 3JeMEHT €y; TaKOH, 4TO 3JeMEeHTHl €j,€s,...,€er ] — JUHEHHO He3aBUCH-
Mbl. JleficTBUTE/IbHO, €C/id MPEeANOJIOXKHUTh MPOTHBHOE, TO Va € R, CYILeCTBYIOT UHC-
aa ¢ty ... ", He Bce paBHble Hymio, Takue, uTo zc’ + e, = 6. Ecim & = 0, To
€1,€a,...,e; JUHEHHO 3aBMCHMBI, YTO NPOTUBOPEUYMT mpeanonoxenuio. Ecau ® # 0, To
MoJyuaeM, uTo J1000H 3JeMeHT ¥ U3 [, MOXKHO pas3loxKWUTbh M0 6asucy (e,)y, HO 3TO
MPOTUBOPEUHUT ycjoBUIO k < m. HTak, CyllecTByeT 3JeMeHT €jy; TaKOH, YTO 3JeMeHThI
€1, €, ..., ex 1 JUHEHHO He3aBUCHMBL. Ecan k+1 = n, To (€p)k4+1 — UCKOMBIH 6asuc B RR,,.
Ecau £+ 1 < n, To MOXKHO HaWTU TAKOW 3JIEMEHT €y, UTO €1,€s, ..., €L o — JUHEHHO
He3aBUCUMBI. [Ipomosizkasi 3TOT mpoliece, yepe3 KOHEUHOe UMCJIO I1aroB MOCTPOUM 6asuc

(€p)n B IPOCTPAHCTBe R,,, B KOTOPOM IIepBble k 3J1eMEHTOB fIBJSIOTCS 6asucom B M.

§8. JIuHeliHbIe 000JOUKHU.

Onpenenenue. Jlunetinod 060104K0l 3a0aHHO20 KOHEUHOEO MHOMCECMBA dAe-
MEHMmOo8 Ty,xs,...,Ty AUHEUH020 npocmparcmea R, Had nosrem K Hasvieaemcs co-
BOKYNHOCMb 8CeX AUHELHbLX KOMOUMQUULL 3Mux 3iemeqmos u o0b603Hauaemcs Cum-
gorom L(x1, 2o, ...,x1) = {x : © = z,, P € Vo,p = 1,k}, npuuem mrnoxecmso
INEMEHMOB 1, T3, ...,T HA3bIBAEMCA cucmemoll, nopoxodaroujeli AuHelnyo 060104-
Ky L(xy, 29, ..., xk).

CpoiicTBa JMHEHHOH 060J0UKH.

CeoiictBo 1 Jlunetinas oborouka L(xy,xs,...,Tr) d1emenmos npocmparncmsa R, s6-
ASlemcsi n0OnpoCmMpPancmeom Aurelinoeo npocmparcmea R,

IokasatenbcTBso. JlocTaTouHO MOKa3aTh KOPPEKTHOCTb OTHOCHTENBHO MHOXKeE-
ctBa L omepauuil CJI0XKeHHs W YMHOXKEHHs Ha UYHMC/IO BBEEHHBIX B MPOCTPaHCTBe R,.
[lycts 2,y € L(xy,x9,...,2k), T. €. x = xp,aP 1 y = x,b. Torna
a) x+y=x,a” +z,bP = (a.2,7) = xp(aP + b)) = x,c? € L (P = aP + bP),

b) Ve € K zc = (zpaP)c = (a.2,5) = z,(aPc) € L.

CsoiicTBO 2 Jlunetinasa obonrouka L(xy,xs,...,x)) A645€MCS HAUMEHbULUM NOONPO-
CMPAHCMBOM COOCPHCAULUM INEMEHMbL X1, Xa, ..., L. (MHoiMu crosamu: ona codep-
acumces 8 11060M NOONPOCMPAHCMEBE, UMEIOU,eM MU dLeMeHMbL.)

HokaszatenbcTBo. OUeBUAHO, UTO 1, Lo, ..., Tx € L(x1,xs,...,TE), KOTOpPas B
cusy cBoHcTBa | siBJisleTCs MOANPOCTPAHCTBOM JHMHEHHOro npoctpaHcTBa R,. C npyroi
CTOPOHHI, J11000€e MOANPOCTPAHCTBO NMPOCTPAHCTBA IR, comep:xalliee 3TH 3JeMeHThl, BKJIO-
4aloT B ceOst BCe UX JMHEHHble KOMOMHALWH, T. €. COLEPKHUT B cebe L(x1,xa,...,Tk).

CeoiictBo 3 Ecau Kakoii-Aubo aremenm us nopoxcoaroujeil cucmemol INEeMEHMo8 Ty, s,
..., X ecmob AuHelHas KOMOUHAUUS OCMAAbHLIX ILEeMEHMO8 dMOL Cucmembl, mo eeo
MOXMCHO Yybpame u3 nopoxcdarowiell cucmemol, He USMeHUs AuHelHol 060404UKU.

HokaszateabcTBoO. [IycTh x5 ecTb JUHeHHAss KOMOUHALKS OCTaJbHBIX 3dJEMeEH-

TOB Mopoxkjamleil cuctembl. Torna, Bo-nepBuX, xy € L(x1,xs,...,T;_1) H, BO-BTOPHIX,

Jmobast TrHelHas KOMOWHALUS 9JIeMeHTOB L1, X, . .., L CBOLIUTCSA K HEKOTOPOH JUHEHHOU

KOMOWHALIUK 3JIEMEHTOB X1, T2, ..., Tk 1, T. €. L(x1,x9,...,25) C L(xy,29,...,251). C

APYTo#l CTOPOHHI, MO CBOHCTBY 2 L(w1,xs,...,Tx_1) C L(2z1,x9,...,2;). Takum obpasom,

M3 3THUX JBYX BKJIOUEHHUH uMeeM, uto L(xy, o, ..., Tx) = (T1,%2, ..., Tp_1).
[Ipumepsl.
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1) JluneliHas o6o/i0uKa 6A3UCHBIX JIEMEHTOB €1, €3, .. ., €, JUHEHHOrO MPOCTPAHCTBA

R,, coBmaznaet co BCeM JIMHEHHBIM MPOCTPAHCTBOM R, T. €. L(ey, e, ... e,) = R,.
2) B npoctpaHcTBe V3 JiMHelHas 0060J0UKa Mapbl HEKOJIJMHEAPHBIX BEKTOPOB @, b co-
CTOWT W3 BCEX BEKTOPOB, MapaJjiesibHbIX MJIOCKOCTH BEKTOPOB d, b, T. e. L(d,b) ecTb
NOANPOCTPAHCTBO V5, mpocTpaHcTBa Vi.
3) B nunefinom mpoctpanctBe Cl,y JMHeHHas 000/10uKa (yHKIHM Lz, ...,2% ects

MHOXKeCTBO BCeX MHOTOUYJIEHOB CTemeHU < k.

CeoiictBo 4 (Paszmeprocmo u 6asuc auneiinoi oborouku). Ilycmo cpedu noposxcdaro-

WUX INEeMEHMOB X1, T3, ..., T UMEOmMCa p < k AUHEUHO He3aB8UCUMbLX ILEeMEHMO8,
Hanpumep, Ti,Ta,...,T, @ OCMANbHLLE Tpid,...,T) npedcmasasom coboi AureliHvle
Komburayuu 0anHbolX p dremenmos. Toeda

a) L(xy, 29, ...,25) = L(x1,29,...,2p),

6) dim L(xy, 2o, ..., xx) = p,
8) (x;), — 6asuc auretiHol 060A04KU.

JlokasaTeJ bCTBO. YTBepxKAeHHe a) caenyeT U3 cBoicTBa 3. [lo ycmoBuio 3Je-
MEHTBl %1, Zs2,..., L, JUHEHHO HE3aBUCHMbl M MO yTBEPXKIEHHIO a) JI000H 3/JeMeHT JIH-
HeHHOH 000710UKU L(x1, Ta, . .., T)) SABJISETCS JUHEHHOH KOMOWHAlMEH YKa3aHHBIX p 3Je-
MeHTOB. CJlefioBaTe/IbHO, 3TH p 3JeMeHTOB 00pasyloT 6as3uc JHUHEHHOH 000JOYKH, U ee
pasMepHOCTb 1o TeopeMe 11 paBHa p.

CnencrBue. dimL(zy,xs,...,T5) PABHAEMCL MAKCUMAALHOMY UUCAY AUHELHO
HE3A8UCUMbLX LEMEHMO8 8 Nopoxcoaroweli Cucmeme 3Aemermos Ty, Ty, . . . , L.

PaccMoTpuM OfiHO M3 MPUJIOKEHUH TMOHATHS JHHEHHOH 000J0YKH.

§9. Panr marpuupbl 1 pa3MepHOCTb JUHEHHON 000JIOUKU €e CTOJO-
1noB. BeluuciaeHne paHra MaTpuibl.

Paccmorpum matpuny A = ||ak||™. Cronbust Ax = ||ak||™ k = I,n martpuubn A
SIBJSIOTCS 3J€MeHTaMU JHHeHHoro mpoctpaHcTsa 1,. [lycTb rang A = r u 6a3uCHBIMH
CTONIOIAMH SBJSAIOTCS MEPBbIe 1 CTONOUOB Ay, Ay, ..., A,.. OOpasyem nHHEHHYIO 000J04YKY

ctonbuoB Matpuubl A L(A1, Ay, ..., Ay).

Teopema 12 Pasmeprocmo auwnetinol oborouku cmoarbyos mampuusv. A pasHa parney
mampuupt A, m. e. dim L(Ay, As, ..., A,) = rang A. BasucHole cmoabybl mamputpr A
aeasromes 6a3ucom AuHelinol 06os0uku cmoabyos mampuyol A.

JHokasaTteanbcTso. [lo Teopeme o 6asucHom MuHope: 1) cronbusl Ay, A, ..., A,
JIUHEHHO He3aBUCHUMBI, 2) /060# cTosbel; MaTpUlbl A ecTb JUHeHHass KoMOWHAuUs 6a-
3UCHBIX cTOoJOLOB. Ho Torma us cBoiicTBa 4 nMUHEHHOH 00OJOUKH CJeNyeT YTBepXKIeHHUe
TeOpEeMBI.

CaencrtBue 1. Ecau rang A = r, mo awbsie r + 1 cmoabyos (ecau oHu ecmb)
AUHELIHO 3Q8UCUMbL.

YTBepxKIeHHe OueBHAHO, KOO B MPOCTPAHCTBE PA3MEPHOCTH 1 JitoOble 7 + 1 37/eMEeHTOB
JINHEUHO 3aBHUCHUMBI.

CanencrtBue 2. Pane mampuysl A pagen MAKCUMANLHOMY YUCAY AUHELUHO He3a-
sucumolx cmoarbyos. (Cm. ciencTBHe K CBOUCTBY 4 JIMHEHHONH 00OJIOUKH).

CnencrBue 3. Makcumarbroe 4ucA0 AUHEUHO HE3AB8UCUMbLY CMOAOL08 PABHS-
emcst MAKCUMAAbHOMY YUCAY AUHelHOo He3asucumoix cmpok. (I1pu onmepaunu Tpancmo-
HUPOBAHHUSI PaHT MaTPHILbI HE MEHSIeTCs).
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PaccMoTpuM HeKOTOpBIE 3JIeMEHTapHbIe ONepally Hal CTOJ0IAaMH (CTPOKaMH) MaTpU-
I1bI, KOTOpPBIE, MEHsIS MATPHUILy, He MeHSIOT paHra. [Ipu nokasatesbCcTBe COXpaHEHHUs paHTa
TMPYU COBEPLIEHHWH 3TUX OMepalil OCHOBHBIM MHCTPyMeHTOM OyzeT Teopema 12. @opmysu-
POBKH TPHUBEIEM TOJIbKO JJisi CTOJNOIOB, TaK KaK MJsi CTPOK OHHW HAEHTHUHBI.

1O [lepecranoBka cronbuos. [TlepectaBum ctonbusl Ay u As. Torna L(A;, As, ..., Ax) =
L(Ay, Ay, ..., Ag). [TosTOMY paHT He H3MEHHUTCS.

2 YmHoxeHue Jqo6oro cronbua Ha yucao b # 0. IlycTb nepBblil cTON6€ll YMHOXKEH
Ha b. Torna L(A1b, As, ..., Ay) = L(Ay, Ag, ..., Ay). JlelicTBUTEIBHO, €CU T €
L(Alb, AQ, Ce ,Ak), TO T = (Alb)Cl + ApCp = Al(b01> + ApCp € L(Al, AQ, .. ,Ak)
BepHo u oGparnoe: ecau x € L(Ay, As, ..., Ag), 10 & = Ay = (Ard) - ¢t /b + Ayc?,
rae copaBa p =2,n, T. €. x € L(A1b, Ay, ..., Ay). TloaTomy paHT He H3MEHHTCS.

3 IlpubGaBseHue K ogHOMY CTOJOLY APYTOro, yMHOXKeHHOTo Ha uucjao b. [lyets K Ay
npubasieH cronben Asb. Torna L(A; + Asgb, Ay, ..., Ax) = L(Aq, ..., A,). B camom
pene, ecid x € L(A; + Asb, Asy ..., Ag), 10 © = (A + Agb)c! 4+ Asc® + Apc? =
Alcl + AQ(bCl + 02) + ApCp = Alcl + AQEQ + ApCp € L(Al, AQ, ce ,Ak) Amnasoruyso
IOKasbiBaeTcsl, uto ecqnt & € L(Ay, Ag, ..., Ax), To x € L(A; + Asb, As, ..., Ag). A
TOTIa U3 MEePBOrO PABEHCTBA CJEyeT, YTO PAHT He MEHsSeTCs.

4 BelyepkuBaHue HyJseBoro crogabua. [Iycte A; — HyseBo#t crosben. Torga mo cBoi-
ctBy 3 L(Ay, As, ..., Ax) = L(As, ..., Ay), 4TO 03HAU@ET, UTO PAHT HE MEHSEeTCs.

5 DBbluepkrBaHHe cT0/10La, SBJASIOLErOCSA JUHEHHON KOMOMHALMEH APYTHX CTOJOLOB.
PaHr He MeHseTcs, 4TO C/lefyeT U3 CBOHCTBA 3 JIMHEHHOH 000JOYKH.

Onwupasice Ha 3JeMeHTapHble ONepalnu 1 - 50, chopMy/UpyeM MeTO[ BbIUHUCJEHUS
paHra MaTpHILLbl.
Ecnu Bce aeMeHTBl MaTpulibl A paBHBI HYJIIO, TO PAHT MaTpULbl A paBeH HYJIO.
Ecnu nMeroTcst aieMeHThl MaTPHUIbl, OTJIWYHbIE OT HYJS, TO
[lar 1. a) [lepectaBsisii CTPOKH U CTOJIOLBI, TIepeBeleM ONMH M3 HUX B JIEBbIH BepPXHHH
YroJi, T. €. Ha MeCTO 3JIeMeHTa aj.

6) [lasee KOMOMHUPYS MEPBYIO CTPOKY (MepBhiit cToJbEl) ¢ KaKo#-11ub0 apyro# (apy-
THM), ClleJlaéM 3JIEMEHT, CTOSIHH Ha MecTe a%, paBHbIM | uan -1.

B) Bce a/ieMeHTBHI MepBO# CTPOKH, KpOMe MEePBOTO, ClesaeM PaBHBIMH HYJIIO, BEIYUTaS
M3 BCeX CTOJIOIOB MOOUEPeNHO MePBbI, YMHOKEHHbIH Ha COOTBETCTBYIOIIUH MHOKHUTEJb.

B utore nonyuunm:
1 0 0 ... 0 O

Ecout Bce 3/1eMeHTHI B 3alITPUXOBAHHON 30HE PaBHBI HYJIO, TO paHr MaTpulbl A paBeH 1.
Ecau ke B 3TOil 30He €CTb 3JIeMEHTHI, OTJIUYHbLIE OT HYJIS, TO
[llar 2. a) IlepecraBJisisi CTPOKH U CTOJOLBI, MOCTABUM, OIUH H3 HUX Ha MECTO 3JeMeHTa
as.

6) KombuHupysi BTOpyt CTPOKY (BTOpo# cTosibel) ¢ KaKoUaubo APYrod (Ipyrum),
clesiaeM 3JIEMEHT, CTOSILIME Ha MecTe a3, paBHbIM 1 WM -1 (pyU 3TOM HH B KOeM cJjydae

He Tporath | cTos6ell U MepBy CTPOKY!).
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B) Bce ssieMeHTHl BTOpPOU CTPOKH, JieXKalllde MpaBee 3JeMeHTa a3, CleJaeM PaBHbIMH
HyJ10. B utore mosyunm:
0 O

0
1 0 0

1 0
0 0

Ecsu B 3alITpuXoBaHHOH 30He Bce 3JieMEHTBl paBHBI Hys0, To rang A = 2. Ecau xe B
3TOW 30He eCTb 3JeMEeHTHl, OTJIMYHble OT HYJs, TO BCe MOBTOPSieM B MOJHOH aHAJOTUH C
NpeNblAYLIHMMH IBYMS LIaraMH, HO y2>Ke B TPeTbed CTPOKe U T. .

B uTore Ha ware r NpUXoouM K MaTpHULE:

1 0 0 ... 0 0
o 1 0 ... 0 0

paHr KOTOPOM paBeH 7.
[Tpuwmep. Boruucaum panr Matpunbl A (3HaK ~ 03HaUaeT SKBUBAJEHTHOCTb MAaTPULIbI

B CMbICJIE paHra).
0o (@ 2
-3

A= |A -3
-2 0 —4
4 6 14

Beinecem u3 1, 3, 4 cTpok MHOXHTENb 2 U -2:

o (D 1 O o 1 ® oo O o
A =3 o] s A | o A 2| o] 3A
10 2 01 2 01 2 0 1
2 3 7 3 2 7 3 2 4 3 2

Hrak, panr martpuubl paBeH 2. Kak HalTh 6asucHbIl MUHOP M, HUCXOZHOH MaTpHLbI?
Mapkupyem GasucHble CTOJIOLB U CTPOoKK B mocnenHedd matpuue (() — mepasi cTpoka u
nepBeiii crosbew, /\ — BTopas cTpoka W BTOpO# crosbew). Creanm 3a MapKUpOBaHHbI-
MU MeCTaMH, NMpoXoAs B 0OpaTHOM INOpsiike BCe NMpeoOpa3oBaHUs MO BbIUMCJAEHHIO PaHra
MaTpHULBl. 3aTeM BblUepKHBaeM B HCXOAHOH MaTpHlle MapKMPOBaHHble CTPOKH U CTOJIOLBL.
Ha nepeceyeHnr BbIUEPKHYTHIX CTOJOLOB U CTPOK CTOST 3J€MEHTBbI, 00pasylolye KBaj-
paTHyI0 MaTpHly, ONpefesuTe]b KOTOPOH U eCTb MCKOMbIH 0a3WCHBIH MHHOP MCXOIHOH
MaTpulbl, T. €.

My=11 _3

0 2 ‘
ﬂOKa}KeM Tenepb OB€E TeOpeMbI 0 paHre HpOI/I3Beﬂ,eHI/IH ManHL[.

Teopema 13 Pawne npoussedenus 0syx mampuy He npegocxodum paunea Kaxd020 u3
comHoxcumenel.
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NokaszarteabcTBo. [lycts nansl Matpuusl A = |[|ab|[’, u B = ||b}||7". Torna
C = AB =||d]|?. HokaxeM:

1) rang C' < rang A. Tak Kak 1o omnpeneseHuI0 MPOU3BeIeH s MaTpull ¢, = albf, To
3a(bUKCUPOBaB k U MeHsis p OT 1 1Mo n, NPOJYUHUM:

Cr = Apb%

rae Ci,k = 1,s — cronbusl matpuusl C, A,,p = 1,m — croabusl matpuubl A. Ilo
teopeme 12 rangC' = dim L(Cy,Cy,...,Cy), a rang A = dim L(Ay, As, ..., A,). Tax
KakK Kaxablid ctosben C) ecThb JIMHeHHass KoMmMOuHauusi ctonouoB Aq, As, ..., A,,, TO
L(Cy,Cs, ..., Cs) C L(Ay, A, ..., Ap).

Cnenosarenbno, dim L(CY,Cy,...,Cs) < dim L(Ay, As, ..., Ay,), a 3HauuT rang C' <
rang A.

2) rang C' < rang B. rang C' = rang C7 = rang(AB)" = (1. 4, ta1. 4 Kypca aHaJIuTH-
yeckoil reomerpun) = rang(BTAT) < (mo 1) teopemsr 13) < rang BT = rang B.

Teopema 14 Ecau A — nesovipoxcOennan nXn-mampuua, a B — arobas nxn-mampuya,
mo rang AB = rang B.

Hokaszateabcrtso. Obosnauum AB = C'. Ilo teopeme 13 rang C' < rang B. Tak
kak det A # 0, To cymectByeT o6paTHas Matpuua A~!l. YmHoxuB paseHctBo AB = C
cneBa Ha A™', nonyuum: B = A7'C. Torma no teopeme 13 rang B < rang C. U3 nByx
MOJIy4eHHBIX HEPABEHCTB CJenyeT, 4yTo rang B = rang C.

§10. U3omophu3m JUHEUHBIX MPOCTPAHCTB.

OkasbiBaeTcs, pa3/vuHble JUHeHHbIE MPOCTPAHCTBA ONHON U TOH K€ Pa3MEpPHOCTH 7 C
anre6panyeckoil TOUKU 3peHus ToKaecTBeHHbI. [loaTOMYy, ec/ii B KaKOM-1HO0 KOHKPETHOM
n-MepHOM JMHEHHOM MPOCTPAHCTBE NOKa3aHa TeopeMa, cPOPMYJIMPOBAHHAS B TEPMHUHAX
JIMHEHHbIX ONepalui, TO 3Ta TeopeMa BepHa B JIOOOM APYyroM JIMHEHHOM IIPOCTPAHCTBE
TOU Ke pa3MepHOCTH n. Beiroma Takoro mopxona oyeBuaHa. [loatomy o6ocHyeM ero.

Onpenenenue. Coomsemcmsue I' mewdy aremenmamu 08Yx AuHelHbLX NPO-
cmparcme R u R (I': R — R') nHaseieaemcs 83aUumMHO 0OHOSHAUHLIM, €CAU NPU IMOM
coomeemcmeuu
1) kascdomy aremenmy u3 R omseuaem 00ur u mMoabKO 00UH dremenm u3 R,

2) kamcdomy aremenmy u3 R' omsewaem o0un u moavko o0un sremenm us R.

Onpenenenue. [sa aunetinolx npocmparcmea R u R nasviearomces usomopg-
HbIMU, eCAU MeH Oy dNeMEeHmamy IMux nPoOCMpPAaHCm8 MOMHO YCMAHOBUMb 83AUMHO
odno3HauHoe coomeemcmeue I' mak, umo ecau aremenmam x,y u3 R omseuarom co-
omsemcmeaenno asemernmol ',y uz R, mo aremenmy x +y omsewaem ssemenm x' + 1y,
a anemenmy br uz R (Vb € K) omsewaem aremenm bx' uz R' (unoimu crosamu, cyuie-
cmeyem I' : R — R’ makoe, umo I'(x +y) = I'(x) + I'(y) u I'(bx) = bl'(x)), 8 amon
cayuae coomsemcmeue I’ Ha3vieaemcs usomoppusmon.

Kakue ke mpocTpaHcTBa ABJASAIOTCS U30MOpPHBIMU? OTBET Ha 3TOT BONPOC AAIOT CJe-
nylolire ABe TeopeMbl. Ho B Hauase nokaxkeM OZHO BCIIOMOTATeJbHOE yTBEPKIEHHUE.

Jlemma 2 Hzomoppusm I' : R — R’ nepesodum nyresoti sremenm O npocmparcmea R
8 Hyaesoll aremenm 0’ npocmparcmsa R

HokaszaTesabcrTBso. V3 onpenenenus usomopduama cienyert, uyto Vb € K I'(bxr) =
bl'(x). B wactHoctu, mpu b = 0 I'(0 - ) = 0 - I'(z). Ho mo teopeme 3 a) 0-x = 0 € R,
Tak Kak © € R, 6) 0-T'(z) = ¢ € R/, tak kak ['(z) € R. [Tostomy I'(#) = #'. Yto u
TpeboBaIOCh 10Ka3aTh.
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Teopema 15 Bce auneiinvie npocmparcmea 00HOU U MOU He pasmepHOCmu mn U30-
moproL mexndy coboil.

JokaszaTteabcTBo. JlocTaTouHo 10Ka3aTh, UTO J0O0E JIMHEHHOE MPOCTPAHCTBO
R,, n3oMOp(HO JMHEHHOMY TPOCTPAHCTBY 1), 371€MEHTaMH KOTOPOTO SIBJSIOTCS MaTpPHILbI-
ctonbusl ||zP||™ BbicoTsl n. [lycTh (eg), — 6asuc B nuHeitHOM npocTpaHcTBe R,. Torna
KaXIblii s7eMeHT T W3 R, uMeeT B 3ToM Oasuce pasiokenue: v = epz®. Kaxmomy
3JIeMeHTy = U3 R, MOCTaBUM B COOTBETCTBHE N JEHCTBUTENIbHBIX umces x', z? ... z"
— KOOpIHMHAT 3TOTO 3JeMeHTa B 6asuce (ex)n, T. €. BIOJHE ONpe/eNeHHBIH 3JeMeHT ' =
||z*||" mpocTpancTBa T),. YcTaHOBIEHHOE COOTBETCTBHE B3aUMHO OHO3HauHO. Bosee Toro,
ecn aneMeHTaM T = exz® Yy = epy* w3 R, OTBEYalOT COOTBETCTBEHHO CTOJOLBI 7' =
[2*]|",y' = ||y*||" us T,, To B cuay Teopembl 9 sseMeHTy T + y U3 R, COOTBETCTByeT
cronben ||zF + y*||", 1. e. anement 2’ + y' us T, a snementy br us R, COOTBETCTBYeT
cronben |[bx*||", 1. e. anement bx' us T,,. Teopema nokasaua.

Teopema 16 Jlrobvie 0sa auHeliHblX NpOCMpPaHcmsa pasuolx pasmepHocmeli He uU30-
MopHoL.

Jokasateuabcrtso. PaccMoTpuM nuHeliHble IpocTpaHcTBa IR, U R, [lycte m <
n. B npoctpaHcTBe R, CyLIeCTBYIOT 1 JIMHEHHO HE3aBUCUMBIX JIEMEHTOB €1, €a, . .., Ey,.
Ecau 6bl cyliecTBOBa/ U30MOPpU3M, TO 3JEMEHTHI €1, €, . . . , €, NePellnd Obl B 1 3JeMeH-
TOB ¢1,¢a, . .., ¢, TpOCTPaHCTBA R,,, KOTOpble HEOOXONUMO OblIW Obl 3aBUCHMBIMH, UOO
YUCJIO 3JEeMEHTOB m 0oJibllle Pa3MepHOCTH JHUHEHHOro mnpoctpaHcTBa R,,. [locTtosbKy B
CUJly JIeMMBI 2 NpHU HU30MOp(U3Me HYJNeBOH 3JeMeHT MePexXOAUT B HYJEeBOH 3JeMeHT, TO
paBHOI HYJEBOMY 3/1eMeHTY JMHeHHOH KOMOMHauMM 06pasoB ¢pc*,k = 1,n, rue He Bce
c® paBHBI HYJII0, IOJPKHA COOTBETCTBOBATh PABHASl HYJIEBOMY 3JEMEHTY JHHEHHash KOMOH-
HalUMsl Poo6pasos enc, k = 1,n, 4TO NMPOTHBOPEUYUT MPEAMNOJIOKEHHI0 00 MX JHHEHHOMH
He3aBUCUMOCTH. Teopema J0Ka3zaHa.
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I'n. 3. Cucrema JquHENHbIX YpaBHEHUU.

§1. Kpurepuii coBMecTHOCTH OOIEH JUHENHON CHUCTEMbI ypaBHe-
HUU.
paCCMOTpI/IM HHHGIZHYIO CUCTEMY T ypaBHeHI/Iﬁ C N HEeU3BECTHBIMU:

AX = B, (1)

roe A = ||ap||?, X = ||zP||", B = ||b?||™. Marpuua A Ha3biBaeTcsi OCHOBHOH MaTpHuLeil
cucremsl. Eciu B MaTpune A 106aBUTh ellle OLMH CTO/I6€el 5, TO MOJy4yuM Matpuuy A,
Ha3blBaeMYI0 paclIMpeHHOH MaTpulleid cucTeMbl (1).

Teopema 1 (Kponekepa-Kanennu) /J1a moeo umobor cucmema (1) bvira cosmecmua,
Heobxodumo u docmamouro, umobol rang A = rang A*.

Heo6xoaumoc b, [Tycts cuctema (1) coBMecTHa, T. e. CylIeCTBYIOT yncaa ct, c?,
.,C", KOTOpble IIPU TOACTAaHOBKe B cucTeMy (1) opauiaroT Bce ypaBHEHHSI B BepHble
paBeHCTBA. DTH PaBEHCTBA 03HAYAIOT, UTO CToJOel CBOOOAHBIX U/NeHOB B ecTb JHHeHHas

KOMOWHALKs CTONONOB MaTPUIBl A, T. €. 3TOT CTOJMOeL MOKHO BBIUEPKHYTb M3 MaTPHILBI

A* (37eMeHTapHas onepanus 50, §9, r1. 2), He U3MeHUB NPH 3TOM paHra. Takum o6paszom,
rang A = rang A*.

HoctartouHocTs. [lycte rang A = rang A*. Torna 6a3UCHBIH MHHOP MaTpPHIIBI
A saBasieTcst 6a3ucHbIM MUHOpOM Matpuubl A*. CyenoBartesbHO, 10 TeopeMe 0 0a3UCHOM
MHHOpe cToJs0el] CBOOOAHBIX Y/1eHOB B eCTb JMHeHHAass KOMOMHALUS O0a3UCHBIX CTOJOLOB,

a 3HAUMT U BCEX CTOJOLOB MAaTPHLBl A ¢ UMCIOBHIMU Kod(duunentamu ct, c?, ..., c". D1u
4yHCJa U ABJAAIOTCA pelieHUueM CHUCTEMBI. TeopeMa JOKa3aHa.
§2. OnHOopoAHBIE JIMHEWHbIE CUCTEMbI YPABHEHUM.
OﬂHOpOﬂHaH CHUCTEeMa ypaBHEHHﬁ B ManHQHOﬁ cpopMe 3dIlUCbiBaeTCsd Tak:
AX =9, (2)

rne A, X Te xe yto u B §l, a § — HyneBo# cronbewn BbicoThl m. [lycTh rang A = r.
Kak cnenyer us Teopembl 4 rai. 1, cucteMa (2) HeTpUBHAJIbHO COBMECTHA MPH 7 < n.
3ameTHM, 4TO BCsiKoe peleHue ||cP||™ cucTeMbl (2) siBJsieTCs 3/1eMEHTOM MPOCTPAHCTBA
T,,. OueBUHO, UTO He BCSKHH 3JEMEHT MPOCTpPaHCTBa 1), sIBJseTCs pelleHHeM CHCTeMBl
(2). Takum o6pazom, MHOKeCTBO M BCeX pelleHHH cTCTeMbl (2) 06pa3yeT MOAMHOXKECTBO
MHOXKECTBA BCEX 3JIEMEHTOB JIMHEHHOTO mpocTpaHcTBa T,,. Onepanuu cioXeHUsT ¥ YMHO-
JKEHHUsS] Ha YMCJIO, BBeJleHHbIe B MPOCTpaHCTBe 1), KOPPEKTHHl HAa MHOXecTBe M, T. e. a)
VX,Y — pemenuit cucrembl (2) X + Y Toxe pemienue (2), T.e. X +Y € M; 6) Vb e K
uVX e M bX € M, tak kak bX — pelieHde cucremsl (2).

Wrak, MHOKecTBO M BCeX pellleHHH CHUCTeMBl (2) ¢ yKa3aHHBIMH JIUHEHHBIMH Omepa-
LUSMHU SIBJISIETCS MOANPOCTPAHCTBOM JIMHEHHOTO nmpocTpaHcTBa 1),. OcTanoch onpeneuThb
€ro pasMepHOCTb.

Onpenenenue. Pyndamenmarvroli cosokynrocmotro peuteruti (PCP) cucme-
moL (2) Hasvieaemces 6asuc 8 npocmparcmae peuleHull.

WubiMu cioBamu PCP — makcHMa/ibHOE UKCJIO IMHEHHO He3aBUCUMBIX pelleHud. Tak
KaK B JIOOOM JHMHEHHOM MpOCTpaHCTBe 0a3ucoB OeckoHeuHO MHoro, To U PCP Takxke
6eckoHeuyHo MHoro. Eciu BbiOpaHa kakas-nu6o PCP, To moboe pelieHue cuctembl (2)
eCTb HekoTopas JuHeHHass KomOuHauus pemenuil U3 ®CP u obpatHo, Tak Kak PCP —
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6asuc B MPOCTPAHCTBE pelleHUH, To Jobas JuHelHas KomOuHauus peuenuid us PCP —
petnenue cucteMbl (2). [ToaTomy, UTOOB HAUTH BCIO COBOKYTHOCTb PEIIeHHH CHUCTeMBbI (2),
nocratoyHo noctpoutb PCP. Yucno peuenuit B8 @CP onpepenut corsacHo Teopeme 11
pas3MepHOCTb NMPOCTPAHCTBA pelleHUH.

Bynem cunrtath, He ymaJsisi OOLUIHOCTH pacCyKAeHUH, uTo 6a3ucHbld MUHOP M, Haxo-
IWTCS B JIEBOM BepxHeM yray matpuusl A, T. e. My, = det ||a}||.. B matpuue A = ||a}||™
KaXKJasi U3 TOCJAENIHUX M — 7 CTPOK eCTh JIMHEHHass KOMOMHALWs 6a3UCHBIX CTPOK, T. €.
nepBuiX 7 cTPoK. [losTomy B cucteme (2) mocnenHue m — r ypaBHEHHH SBJAIOTCS CJel-
CTBHEM II€PBHIX 7. 3HAUUT, MOCJEeIHNE T — 7 YPAaBHEHHH M3 cHUCTeMbl (2) MOXHO y6paTh
M peliaTb CHUCTEMY JHIIb U3 r MepBbIX ypaBHeHUH. Kpome Toro, B JieBOH 4acTu CHUCTEMBI
OCTaBHM JIMLIb 7 IEPBBIX HEU3BECTHBIX, a TIOCAEAHNE N — 7 HEM3BECTHBIX TIepeHeceM B Mpa-

BYIO UacTb ypaBHEHHWH, 3a[aB UX MPOU3BOJNbHBIM 06pasoM, T. e. x" ™ =™ .. 2" ="
Hrak, cucrema (2) npumer BHUA:
abab = —alct, p=T1,r, k=T1,r, e=7+1,n. (3)

Cuctema (3) — cucrtema r ypaBHEHUH C  HEU3BECTHBIMHU U onpenenutenem M, # 0. Takum
00pa3oM, ecsid (PUKCUPOBAHbI 3HAYEHUS ¢t ..., c" 1o cuctema (3) UMeeT eJUHCTBEHHOe
pellieHHue, onpenenasemoe ¢popmynamu Kpamepa. bynem 3anaBath 3HaueHus e co-
[JIACHO HUXKe MPUBEJIEHHON TaOJUILbL:

1 1 1

Cl C2 cnfr
| 2 n—r
il 0 0 . . o
20 1 0 =Y = 11 , Yo = 02 e, Y = ”0_2
o 0 1 0
" 0 0 1
0 0 1
T. €. KaXKJIOMYy Ha0opy 3HaueHH# ¢ OyIeT COOTBETCTBOBATh PelleHHe CUCTeMBI (2), mpuyeM
3TH pewieHus Yi,Ys,...,Y, . JHHeHHO He3aBHUCHMBbI, UOO PaHT MaTpHULbl, COCTABJEHHOH

U3 3THUX CTOJOLOB, paBeH n — r. UToObl yOequTbCsl B TOM, YTO IOCTPOEHHOE MHOXKEeCTBO
pellieHHi o6pasyeT 6a3uC B IPOCTPAHCTBE pelleHuH, 10CTaTOYHO 0Ka3aTh, UTo Jtboe pe-
menve X* = ||c¥||" cuctemsl (2) siBsieTcs JMHERHON KOMOMHALMEH YKA3aHHBIX PEILEeHUH.
PaccmoTpuM suHeliHy10 KOMOMHALMIO

X =Y, k=T n—r, (4)
roe ¢ o " — (n —r) nociennux koopauHat pemennss X*. Tak kak y X u X* no-
CJIe[IHWE M — T KOOPAHMHAT COBMAMAIOT, TO 3TO 0O3HAUAET, YTO OHHU yIOBJIETBOPSIOT CHCTEME
(3) ¢ onHoO#i W Toil e TpaBOU yacTblo. A Tak Kak cucteMma (3) mMpW 3TOM HMeeT eIuH-
cTBeHHoe pemieHue, To X = X*. Takum obpasom, nokasaHo, uto Yy, Ys, ..., Y, ., — ®CP
U 1o teopeme 11 paaMepHOCTb MPOCTPAHCTBA pellleHUH cUcTeMbl (2) paBHa n — r.

SGameuanue 1. Cnoco6 nocrpoenus OCP, npuBeneHHbIH BhIlIe, Ile BCe CBOOO-
Hble 4JIeHbl M0Jarajuchb paBHBIMH HYJIO, KpOMe OfHOro, paBHoro l, maetr ocobyi PCP,

“MeHyeMylo HopMaJbHOU. OueBHIHO, 3HaueHusi ¢! ... c" MOXHO 3a1aBaTh MHaue, I0-
ayuas npyrue OCP.
3ameuanue 2. Popmyna (4) npu ycaoBuM, 4TO B Hel ¢ ... " NpUHUMAIOT

JoOble 3HaYeHHUs] OT —OO [0 OO HE3aBUCHUMO APYT OT Jpyra, onpenessieT BCIO COBOKYI-
HOCTb pellleHUH cucteMbl (2). OTciona cefyeT, UTO MHOXKECTBO pellleHUH cUcTeMbl (2) —
JIMHeHHas 000J/104Ka, HAaTSAHyTas Ha MOPOXKAAILLYI0 CUCTeMY BEKTOPOB Y7, Y, ..., Y, ..
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§3. OOuiee pemeHre HEOXHOPOTHOM JUHEHHON CUCTEMbI YPaBHEHUH.

CHoBa paccmotpum cucremy (1). Dymem cumrtath ee coBMecTHOH, T. e. rang A =
rang A* = r. OnpenenuM Bce MHOXecTBO pelieHu# cuctembl (1). Ilycts Xy, — Heko-
TOpoe pelieHue cucteMbl (1), KOTopoe OOBIUHO HA3BIBAIOT UACTHBIM pEIIeHHEM CHCTEMbI
(1). Myctp Y1,Ys,...,Y, . — @CP coorBercTBytoiel cucteme (1) omHOPOAHOH CHUCTEMBI
ypaBHeHui, T. e. cucteMbl (2). Torma y,c*, k = 1,n — r, — obulee peuenue cuctembl (2),

rae ¢t c?, ..., c"" — nobble JeHCTBUTEJNbHBIE YHC/IA.

Teopema 2 Ob6uwyee peulerue cosmecmnoti He0OHOPOOHOL cucmemol ypasrenuti (1), parne
mampuuybl Komopoil pasex r, umeem 8u0:

X =Xo+Yc, k=T n—r. (5)

IlokasateanbcTso. Hago mokasare: 1) mpu mwobeix c',c?, ..., c" " dopmyaa (5)
onpenessier peiieHue cuctembl (1) u 2) xaxknoe pewenue X* cucremsl (1) mpu ompene-
JIEHHOM BBIGOpE M — 7 TIOCTOSIHHBIX 3a1aeTcsi popMmyJsioi (5).

1) Ymuoxum dopmyay (5) Ha matpuny A caesa: AX = AXy + A(Yic) = B+ 0 = B,
T. €. TIePBOe yTBepXKAeHHe N0KA3aHO.

2) Pacemorpum X* — X, Torma A(X* — Xo) = AX*—AXg=B—-B=60,1.e. X*—X,
ecTh pellleHHe cucTeMbl (2), a 3HAYMT CYLIECTBYIOT Takue uucaa cl c? ..., c"™", 4ro
X* — Xy = Yk mo popmyne (4). Orcrona X* = X + Yic. Teopema nokasana.

Gameuanue Urobel HalTH Kakoe-HUOYIb YacTHOe pelileHHe X, HYKHO B3SThb I
0a3UCHBIX ypaBHEHHH cucteMbl (1) ¥ B HUX TMOJOXKUTb 2™, ... 2™ paBHBIMH YeMy yTOIHO,
HampuMep, paBHbIMK HYJI0. 3ateMm no gopmynam Kpamepa naiitu z!, 22, ... 2",

Onpenenenue. [lycmo M - nodnpocmparncmeo auretinoeo npocmparcmea R,
x — aroboul aremenm us M, a 1° — arwboii pukcuposanroiii anemenm u3 R. Toeda
cosokynrocme H ecex anemenmos y = 1° + x Hasvieaemcs pesysvmamom cosuea noo-
npocmparcmea M 80046 sremenma 1° uiu eunepniocKocmoio.

3ameuenue Ecim 2° € M, 1o runepniockocts H SBASETCS MOANPOCTPAHCTBOM
JIMHEHHOTO MpocTpaHcTBa R TOH ke pasmepHocTH, uto u M. Ecau xe 2° ¢ M, To
THUIEPIIOCKOCTh [ He siBJsieTCsl JUHEHHBIM MPOCTpaHCTBOM. [leficTBUTENBHO, KaK ObLIO
I0Ka3aHO paHee B JIMHEHHOM MPOCTPaHCTBe R HyJeBOH 3/eMeHT onuH (Teopema 1, riu. 2).
ITOT Ke 3JEeMEHT SIBJSIeTCS HYJEeBbIM BO BCeX IOANPOCTPAHCTBAX ITOTO MPOCTPAHCTBA.
A B runepmiiockocTb H He BXOIMT HYJeBOH 3JieMeHT 6. [IpenmnosoXum MpoTHBHOE, T. €.
cyllecTByeT 3jeMeHT x u3 M Tako#, yto 2° + 1 = 60, 1. e. v = —2° = (=1)2° Ho
2° ¢ M 1. e 2° € R— M. TloaToMy B CHJIy KOPPEKTHOCTH OIMeEpallid YMHOXKEHHsl Ha
uncsio ¥ ssiemedT (—1)z° =x € R— M, 1. e. x ¢ M, 4TO IPOTHBOPEUHT MPEITIONONKEHHIO.
3HAYUT TUMEPIIOCKOCTb H He MMeeT HYJIeBOrO 3JieMeHTa U, CJef0BaTebHO, He SIBJsSETCS
JIMHEHHBIM TIPOCTPAHCTBOM.

Onupasicb Ha TOJIBKO UTO BBeJeHHOE MOHSITHE, MOXKHO YTBEPXKAAaTh, YTO COBOKYITHOCTh
pelleHHi HeONHOPOAHON CUCTEMbl YpDaBHEHHH He SIBJISIETCS JIMHEHHBIM MPOCTPAHCTBOM, a
o6pa3yeT THIEPIIOCKOCTb.

[Ipuwmep. HaiiTu obuiee peuienue cienytolleil CUCTEMbl ypaBHEHHUH:

b =222 42 43zt =2
2 —z2 —zt =— (6)
A +22r =1

Omnpenenum panr Matpuisl A cucremsl (6).

1 -2 1 3 10 0 0
A=10 1 -1 -1 [~ O 1 —1 —1 |, . e.panr marpuusl A pasen 2. [locnen-
1 -1 0 2 11 -1 -1

HUH cTosbell B MaTpulle A* oTindyaeTcs oT BTOPOro croabua MaTpulbl A MHOXKHUTeJseM -1.
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3HauUUT ero MOXKHO y6paTh U3 MaTpullbl A*, He U3MeHUB Npu 3TOM paHra. CJjenoBaTe/bHO,
rang A* = rang A, 1. e. cucrema (6) comectHa. Kpome toro, n —r = 4 — 2 = 2. Takum
o6pa3om, ucxonHasi cucteMa (6) sKBHBaJIeHTHA, HAaNIPUMep, TAKOH CHUCTEME:

(7)

2 =3 4+t -1
= = -2 41

[Tonaras spech ¢ = ¢! = 0, MOTyYUM CHCTEMY ypaBHEHHH:

PeriuB ee, HaiiieM yacTHOe pelleHHe cucteMbl (6):

0
-1
0
0

Xo =

Tenepb paccMOTPUM COOTBETCTBYIOILYIO cUCTeMe (7) OIHOPOIHYIO CUCTEMY ypaBHEHHH:

=3 4+
ot —

x? = —2c
Crpoum OCP:
1 [0 [2t=1,22=1 =Y = 1 , Yo = (1)
1 1 .2 _
Ol |[zr=—-12=1 0 1
OObliee pelieHre UCXOIHOH CHCTEMbl ypaBHeHHE (6):
0 1 -1 a' —a?
_ _ 1, .2
X = Xy + Yia' + Ysa? = 1 +al ! + a? L 1—|—a1+a . Herno-
0 1 0 a
0 0 1 a®

CPeNCTBEHHOH NpPOBePKOH ybexkaaeMcsi, YTO 3TO MHOXKECTBO pelleHHH He CONEepKUT HY-
neBoro agementa 6 = [|0[[*, T. e. He sBJsieTCS JIMHEHHBIM MPOCTPAHCTBOM, HO SBJSETCS
TUIEPIIIOCKOCTbIO.
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I'n. 4. EBKIMa0BO NPOCTPAHCTRBO.

§1. Onpenenenue.

B MmaTemaTHueckoM aHaJsM3e yxkKe OIpeleseHO €BKJIHMIOBO MPOCTPAHCTBO KaK MHO-
»KECTBO BCEBO3MOXKHBIX YTOPSIIOUEHHBIX COBOKYMHOCTEH M3 1 NE€HCTBUTEJNbHBIX UHCEJ
(1, x9,...,T,), Ha3blBAEMbIX TOYKaMH, B KOTOPOM BBEJEHO PacCTOSIHHE MEeXIY IBYMs
ToukaMu M (1, T, ..., xn) ¥ Ma(y1, Y2, - .., yn) 10 popmyse p(My, My) = ((z1 — y1)* +
(2 —y2)? + ...+ (7, — yn)?)Y/2. DTo npUMEp KOHKPETHOrO €BKJHMI0BA MPOCTPAHCTBA UGO
ero 3JeMeHTaMH SIBJSIOTCS KOHKPETHbIEe 00beKThl — YMOPsiI0UeHHbIe COBOKYITHOCTH N Iefi-
CTBHUTE/IbHBIX UHce/. B HalleM Kypce H3ydaroTcsi aOCTpaKTHbIE JIMHEHHBIE TPOCTPAHCTBA,
5JIEMEHTAMH KOTOPHIX SIBJSIIOTCS 00BEKTHI JI0OOH TMPUPOAbI (BEKTOPBI, YKCJ/a, CTOMOILHI,
MHOTOUJIeHbl, (PYHKLHH, MATPULB U T. 1.). JJ0 CHX MOp Mbl He BBOAMJIM MOHSTHS PACCTOSI-
HUS1, TIOHSITUH YIJ1a U IJIUHBL B aBCTPaKTHOM JIHHEHHOM mpocTpaHcTBe. Chenaem 3To, T. €.
BBeleM abCTPaKTHOe €BKJIMIOBO MPOCTPAHCTBO. TakMM 06pa3oM, €BKJHIOBO MPOCTpaH-
CTBO — 3TO JIMHEHHOEe MPOCTPAHCTBO, B KOTOPOM BBEJIEHBl METPHUYECKHE COOTHOIIEHHS,
WM, KaK TOBOPSIT, BBeleHa MeTpuka. OfHAaKO BHauaje BCIOMHUM MeTPHYECKHe COOTHO-
ILIeHHs B MPOCTpPaHCTBe V3, BBeleHHble HAMH B aHAJUTHUECKOH TeOMETPHH: IJHHY BeK-
TOpa, YroJl MEXK1y BEKTOPAMH M CKaJsipHOE MPOU3BeleHHe IBYX BEKTOPOB. 3aMETHM, UTO
3HaHHE CKaJISIPHOrO MPOM3BEEHHs JIOOBIX IBYX BEKTOPOB MO3BOJISIET HAHTH Kak MJHHY
Bekropa: |@| = /(@ @), Tak W yroa Mexay Bektopamu: cosd = (a,b)/(|a@l||b]). Creno-
BaTesJbHO, B TOHSTHH CKaJsiPHOTO MPOU3BENEHHs 3aKJ/0YeHa BO3MOXKHOCTb H3MEpEeHHS
IJIMH W yIJIOB, T. €. BCE, YTO CBSI3aHO C M3MepeHUsIMH. B oOuieM aOGCTpaKTHOM JIMHEH-
HOM MPOCTPaHCTBe HaMm OyneT ynoOHee BBECTH CHayaja CKajspHOe MPOU3BEleHHe IBYX
3/IEMEHTOB MPOCTPAHCTBA, a 3aT€M M3 CKaJSIPHOTO MPOU3BEIeHHUs MOMYUUTh OMpeae/eH s
IJIMHBI BEKTOPA U yI/la MEXIY 3JIeMEHTaMH.

B aroit rnaBe GygemM paccMaTpHBaTh TOJMBKO YHCJIOBOE Mosie Ky — mojie BCeX AeHCTBH-
TeJbHbIX YHCEI.

Onpenenenue. Jluneiinoe npocmpancmeo Ha3vl8aemcs e8KAUOOBLIM, eCAl 8
HeM YKa3aHO Npasuno, cmasaujee 8 coomeemcmsue Kancovim 08YM INEeMEHmam T,y
yucno, Komopoe oboanauum (r,y) U HA308eM CKAAAPHLIM NPOU3BEOCHUEM INeMEHMO8
x,y. Imo npasuro ydosremsopsem cAe0yrOUUM AKCUOMAM:

o
a.l. (z,y) = (y,z) (nepemecmumenrvroe coticmso),

a2’ (x +y,e) = (x,e) + (y,e) (pacnpedesumenvroe ceoiicmso),

o
a.3 . Ya € Ky (azx,y) = a(z,y),

o
ad . (x,x) >0npux#60 u (x,x) =002 x=0.

[Ipumepsl.

— — — o o
1) V3: (@, b) = |d||b| cos(@,b). Akcrombl 1 — 4 OblIK yCTAaHOBJIEHBI B BEKTOPHOU aJjredpe
(B Kypce aHaJUTHYECKOH IeOMETPHUH).
2) T,, : x = ||z¥||",y = ||y*||". Beenem ckansproe npoussenenue Tak: (v,y) = z'y' +
(0] (0]
2?y? + ... + 2™y". IIpoBepbTe caMH BBINOJHEHHe aKCHOM 1 — 4 B 3TOM cJyyae.
b

3) Clap) : z(c),y(c) — snementsl dToro mpocrpanctsa. Ilyers (z,y) = [x(c)y(c)de. Ipo-

(0] (0]

BepbTe CaMU BbINOJHEHHE akcuoM 1 — 4 .
EBK/IMI0BO MPOCTPAaHCTBO 0003HAUaeTcsi CUMBOJIOM F WM, €CJid U3BECTHA ero pas-
MepHOCTh 1, T0 — F,. Ecnu (e;), — 06a3uc B eBKJIMIOBOM MpocTpaHcTBe F, U =,y —
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3JIEMEHTBl 9TOTO MPOCTPAHCTBA, TO T = €, = eX,,y = exy® = €Y., rae ucnosb3oBaHsbl

(0] (o)
o603HaueHust, BBeneHHble B §6, r1. 2. Ho torna, kak caenyer u3 a.l1 — 3,

n
('rvy) = (epxp76ky Z epvek xp k
p,k=1

Ecau BBecTH 0003HaUEHHUS Apl, = <€p, ek), TO OKOHYATEJIbHO IMMOJYUHUM:

('ray) = a‘pkxpyk7 p7k = 1,771 (1)

Wcnonb3ysi onpepesieHre npou3BesieHHs MaTpuL, paBeHcTBO (1) MOxHO 3amucatbh B Mart-
pu4HO# popme, ecan 0603HAUUTD A = ||apk||nn:

(z,y) = X; AY.. (1)

dopmyna (1) (uau, yTo TO ke camoe — hopmyna (1')) — BbIpakeHHe CKaJSIPHOTO MPOU3-
BelleHHs1 B NIPOU3BOJIbHOM Gasuce. M3 paBencrta (1) cienyet, 4To IJs1 KaXKAOTO dJeMeHTa
r us F,

(z,0) = (0,2) =0. (2)

§2. OcHoBHbIE MeTpUUeCKNe TIOHATHUS B €BKJIUI0OBOM MPOCTPAHCTBE.
HepaBenctBo Komu-byHskoBckoro.

Onpenenenue. Jaunoi sremenma x npocmparncmsa E nHasvieaemces (/(z,x) u
obosHauaemces |x|.

3ameuyaHue. B HekoTOpeIX MOHOrpagusx no anredpe, Hanpumep, KHure HMabrHa
B.A. u Ilosnnska .., TakuM 06pa3oM BBeleHHAsl [JIMHA 3JeMeHTa Ha3bIBaeTCsl HOPMOH
3JleMeHTa U3 L.

Onpenenenue. Ecau |x| = 1, mo anemenm x Hasvi8aemcs HOPMUPOBAHHHLM
asremenmom npocmparcmea E.
[Ipumepsl.

1) V3 :|d| = +/(@,d) — obbluHas A/MHA BEKTOpA.

2) T, :x = ||z*||", || = (¢'a! + 2%2® + ..+ z"z")V/2

b
3) Clay : |z| = (J2*(c)dc)/?. 1y Beamunny o6osHauanT uHoraa ||z(c)|| u HasbiBa-

IOT HOPMOH (PYHKUHUH x(c), 9TOOB H30eXKaTh JIOKHBIX aCCOLHUAMH, CBSI3aHHBIX CO
CJI0BaMHM "IJWHA (QDYHKLHH .

OnpeneneHue. Yerom menoy Henyre8oimu dnemenmanu x,y ud E Haseieaem-
ca yeon ¢, onpedeasiemolil ycaosusamu: 1) cosd = (x,y)/(|z|-ly|), 2) 0 < ¢ <.

B npocrpaHctBe V3 3TO ompenesieHHe corsacyeTcsi ¢ OObIYHBIM BBIpa’KEeHHEM Yriia
yepe3 cKasspHOe Mpou3BefieHHe. B obliem ciayyae Hago H0Ka3aTb KOPPEKTHOCTb 3TOTO
ompeJeJieHHs, a UMEHHO M0Ka3aTh, UTO AJs J0ObIX 37eMeHTOB x,y U3 F (x,y)/(|z] - |y|)
10 MOAYJII0 He MPEBOCXOAUT 1 HJIH, UTO TO 2Ke camoe,

(@, y)| <[] - [yl

[locnenHee HepaBeHCTBO HasbiBaeTcsi HepaBeHCTBOM Koun-byHskoBckoro.
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Teopema 1 /lna aroboix aremenmos x,y u3 E umeem mecmo Hepasencmso Kouiu-
bynakosckoeo.

JokasaTteuabcTso. PaccMoTpuMm aneMeHT ax — ¥y, rae a — Jawoboe yucsao U3 K.
Mo a4 IJIs1 KaxkJIoro a uMeeM: (ax —y,axr —y) > 0. A B cuny a1 —3 310 HepaBeHCTBO
MOXKHO 3anucath Tak: a*(z, ) —2a(z,y)+(y,y) > 0. Orciona cjaeayer, yTo JUCKPUMHUHAHT
kBagpatHoro tpexunesa D = (z,y)* — (z,z)(y,y) <0, 1. e. (z,9)? < (z,2) - (y,y) uiu
|(z,y)| < +/(z,2)(y,y) = |z||y|. UTo u TpebGoBasoch 10Ka3aTh.

M3 teopembl 1 ciefyeT KOPPEeKTHOCTb ONpelesIeHHsl yIa MeXay dJeMeHTaMu u3 FE.
[IpuBenem npumepsl HepaBeHcTBa Kolin-ByHsKOBCKOro B KOHKPETHBIX MPOCTPAHCTBAX:

1) Vs:|(@b)| <|al-|b].

2) To: | ¥ afyh| < (X (@h))12- (L (5))"?
k= k=1 k=1
3) Clap : |[ w(e)yle)de] < ( afb 22(e)de) V2 - ([ y(e)de) 2

Ha nowm: Ind Kakux 3JeMeHTOB x,y UMeeT MeCTO paBeHCTBO |(x,y)| = |z| - |y|?

§3. OprOoroHaJbHOCTh 3J€MEHTOB B €BKJIUJ0BOM IIPOCTPaHCTBE.
OpToHOpMUPOBAHHBINA 0a3UC B €BKJINAOBOM MPOCTPAHCTBE.

Onpenenenune. Iaemenmor x,y u3 E HA3618QI0MCSL OPMOCOHANbHOIMU, €CAU
(337 y) =0.

[To ompenesneHnio yria Mexjay 3JeMeHTaMH I,y 3TO O3HayaeT, 4To Npu x # 0,y #
0 cosp=0,T. e ¢=m/2.

Jlemma 1 Baaumro opmoeonanvbHble HEHYyAeBble dNeMeHmbl L1, X, ..., X, 8 F aunelino
He3a8UCUMbL.

Nokasateabctso. [Ipexnonoxum nportusHoe. Torna z,c? = 0,p = 1,k, rae He
Bce P paBHbl HyJ0. [IycTh ¢! # 0. YMHOXHUM 3TO PaBEHCTBO 1O MPABHJY CKaJSPHOTO
MPOU3BeNeHNUsT Ha zp. B CcuJly NpeamnosiokeHHsi O B3aUMHOHW OPTOrOHAJbHOCTH 3JIeMeH-
TOB Z1,%2,...,T T. €. (T.,xp) = 0 IpH e # p, U Toro, 4to (A, 1) = 0, MBI MONYYUM:
ct(z1,21) = 0. Orciona caenyet, 4to (z1, 1) = 0, H, CJIeIOBATENbHO, T1 = , YTO MPOTH-
BOPEYHT YCJOBHIO JIEMMBI.

Onpenenenue. Cucmema 31eMeHMO8 €, .. ., €,, YOOBACMBOPAIOU,AS YCAOBUIO
(€p, €r) = Opk, HA3LIBACMCS OPMOHOPMUPOBAHHOL CUCMEMOL 3NEMEHMOB.

Takum o6pasoM, cUCTeMa OPTOHOPMHPOBAHHBIX 3JEMEHTOB — 3TO COBOKYMHOCTb HOP-
MHUPOBAHHBIX, B3AUMHO OPTOTOHAJbHBIX 3JIEMEHTOB.

Teopema 2 B n-meprom eskaudosom npocmparcmee E, cyujecmsyem opmoHopmupo-
sammbLil 6asuc (ey)y,.

HokasatenbcTBo. BosbmeM B E, Kako#-1160 6asuc (fy), U ¢ TOMOLIbIO HEKO-
TOPOM NPOLEAYPbI, OMUCAHHOU HUXKe, MOCTPOUM 7T IJEMEHTOB €1, ..., €,, JAHEHHO BbIpa-
J)Kawoumuxes uepes fi, ..., f, 1 00pasymoLInX OPTOHOPMUPOBAHHBIH 6asuc.

[Mar 1. e = f1/|f1|

Hlar 2. e; 6yneM uckatb B Bule afs + be;. Tak Kak ey NOJIKEH YAOBJIETBOPSTh YCJAOBUSAM:
1) (e1,e2) =0n2) (e2,e2) =1, o U3 1) = (e1,e2) = (€1, afa+ber) = aler, fo)+b(er,e1) =
aler, f2) +b =10, 1. e. b= —a(ey, f2). [Toatomy ey = acy, THE €3 = fo — (€1, fo)er. Teneps
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H3 2) HMeeM a = 1/|02 , rae |Cg| = (CQ,CQ). I/ITaK, €y = 02/|02 , TI€ Cy = fg — (61,f2)€1.
Hlar 3. e 6yneMm uckatb B BUle afs + bes + ce;. Tak Kak 3JeMeHT ez JOJXKeH yIoBJe-
TBOPSATH ycaoBUAM: 1) (e1,e3) = 0, 2) (eg,e3) = 0, 3) (e3,e3) = 1, TO U3 MEPBBIX ABYX
YCJIOBUHU HMeeM:

{ a(fs,e1) + bleg,e1) + cler,e1) =0 N { a(fs,er) +c=0 c=—a(fs er)
0

b= —a(fs,e2)

Takum o6pasom, ez = acg, rae ¢z = f3 — (f3,ea)es — (f3,e1)er. U3 3) caenyet, uto
a = 1/|c3|. Urak, okoHuatesbHo es = c3/|c3).

a(fs,e2) + blea, e2) + cleq, ea) = a(fs,e2) +b=0 =

[ar k. e — Ck/|0k|, rne cp = fk: — (fk,ek_l)ek_l — ... — (fk,el)el.
[TokaxeM, 4TO
[Har k+1. epyq = Ck+1/‘ck+1|, THe Cht1 = fry1 — (fk+17€k>ek — .. (fk+1>€1)€1- Hano

nokasate: 1) exi1 # 0, 2) (ep,ex41) =0 nast p = 1,k, 3) |egsa]| = 1.

YTBepxkneHue 3) oueBHAHO. Kak cienyeT U3 QOpMYJbl AJs Cgxi1, 3TOT 3JEMEHT JIMHEHHO
BbIpaxkaetcs 4depes fi, fo, ..., fx, frr1, TaK KaK ey, es,...,€; — JHUHEHHble KOMOMHALNU
3JIeMeHTOB f1, fo, ..., fr. Ho cuctema anementoB fi, fo,..., fx, fxr1 1O TPEANONOKEHUIO
JIMHEHHO He3aBUCUMA, U, CJeloBaTe bHO, UX JUHelHass KOMOUHAUUSA k1 7# 0, TaK KakK Ko-
3¢ dUIHeHT TP fr.1 paBeH I, T. e. otiinden ot 0. 3HauuT, yTBepkKaeHHe 1) HMeeT MecTo.
YMHOXHM Cj41 110 TIPABUJTY CKaJISIPHOTO NPOM3BENEHUs HA €,, p = L, k, T. €. (Cki1,€p) =

(frr1,€p) _nZi:1<fk+lu en)(en, €p) = (frr1, €p) —nZ:(ka:@pﬁnp = (frr1,6p) = (frr1,65) = 0.

Ortciona caenyer crpaBefnuBocTb 2). Takum 006pazoM, Mo MeTOLY MaTeMaTHYeCKOH HH-
OYKIUU TpelCcTaBJeHUe IJISl Crpiq BEPHO IJis JI0OOro HaTypasbHoro k. T. e. ans k = n.
3HaAuUT, 3aBePIIUB 3TOT NPOLECC OpTOroHanu3aunu 6asuca (fy),, MBl IPULEM K OPTOHOP-
MHpOBaHHOMY 6asucy (e,),. Teopema mokasaHa.

GameuaHnue B j060M eBKIHAOBOM MPOCTpPaHCTBe F), CYLIECTByeT MHOI'O OpTO-
HOPMHPOBAaHHBIX 06a3ncoB. MBI MOCTPOUJH JIHIIb ONWH M3 HUX. YKaxkeM elle onuH. Ha
ware 1 nonoxum e; = fo/|fo| u 1. 1.

CnencrBue 1. B opmonopmuposarrom b6asuce (e,), ckaraproe npoussederue
asemenmos v = e,af = eX,, y = epy? = eY. us npocmparncmea E, umeem 6uo:

(z,y) = X. Y. (3)
uiu 6 Koopduﬂamax:

(2,y) = zy @)

lokasaTesabcTBo. B npousBosbHOM 6asuce ckasipHoe Tpou3BeeHne B cuiy (1)
umeet Bun (z,y) = X AY,, tne A = ||apk||n.n. B OpTOHOpMEpPOBaHHOM Gasuce ay, = dyk,
T. e. A = E. 3Hauur, u3 (1) caenyet (3).

CnenctBue 2. Ecau 8 Hekomopom 6asuce (ey), cKaiapHoe npoussedenue d.e-
menmos .,y umeem 8ud (3), mo 6asuc (ey), — OPMOHOPMUPOBAHHBLLL.

HoxasartenbcTBo. Tak Kak B 6asuce (ex), v = eaf,y = ey, 10 (v,y) =
aprPy®. Ho no ycnosuwo (z,y) npeacrasumo B Buge (3), T. €. ayr = (ep, €x) = dpr. A 37O
M eCThb yCJIOBHE OPTOHOPMHPOBAHHOCTH 0asuca

§4. PasnoxkeHue eBKJKMAOBA MPOCTPAHCTBA HA MPSAMYIO CyMMY €ro
MOATPOCTPAHCTB.

Onpeneanenue. [lycmo - M — xaxkoe-aubo nodnpocmparcmeo esxiudosa npo-
cmpancmsa E,. Toeda cosoxkynrocme P ecex anemenmos y npocmpancmsa E,,, opmoeo-
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HAAbHOLX K Kaxcoomy aremenmy x noonpocmparcmsa M, Ha3vieaemcs opmocoHarbHbLM
donoanenuem noonpocmparcmsa M.

MHbiMu cioBaM#, P — MHOXeCTBO BCeX 3JeMeHTOB y U3 F,, IJsi KOTophX (x,y) = 0
s ao6oro x us M.

Teopema 3 Ecau M — noodnpocmparcmeo esxiudosa npocmparcmsa E, pazmepro-
cmu k, ede k < n, mo eeo opmocoHasvHoe donoivenue P asasemcs makxice noo-
npocmpaxcmseom eskiudosa npocmpancmea E, pasmeprocmu n — k, m. e. dimFE =
dim M + dim P.

JokaszateannbcTBo. [lokaxem npexpae Bcero, uto P — MOANPOCTPAHCTBO TPO-
ctpanctBa F,. Tak Kak P — MHOXKeCTBO 3JieMeHTOB U3 F,, TO I/ 3TOr0 OCTaJioCh
MOKa3aTb KOPPEKTHOCTb Ha P BBeleHHbIX B F,, JuHeHHbIX onepauuil. [lycTb yi,yo npu-
Hagmexat P, T. e. nas mwob6oro x u3 M (z,y;) =0, (z,y2) = 0. Torna: a) (z,y; + yo2) =

(0] [0}

(a.l)=(y +y22) =(a2) = (y1,2) + (y2,2) =0+0=0, T. e. y1 +y2 € P. 6) nas
mo6oro uncna b u moodoro x u3 M (byy,z) = b(y1,x) =b-0 =0, 1. e. by; € P. Urax,
P — nopnpocTpaHCTBO eBKJAKWIAOBA MpocTpaHCcTBa F,. Temepb nokakeM yTBep:KAeHHE O
pasmepHoctH P. Ilyctb (e,);, — opToHOpMHpoBaHHBIN 6a3uc B M. Ecin y oproronasen K
3JIeMeHTaM eq, €s, ..., €, TO OH OPTOrOHAaJeH U K JI0O0H UX JUHEHHOH KOMOWHAlMUH, T. €.
K jato6omy ssnemeHTy U3 M. [lostomy ycioBue y € P 3KBUBAJEHTHO YCJOBUIO:

(y761) :07 L= 17k (4)

B cuny cBoiicTBa 3 (0 momoJsiHeHWH 6a3uca) MOANPOCTPAHCTBA JUHEHHOTO TPOCTPAHCTBA,

uasoxkeHHoro B §7 ri1. 2, 6asuc (e,); MOXKHO NONOJHHUTb 3J€MeHTaMHu fii1,..., fn, TPO-

cTpaHcTtBa E, no 6asuca Bo BceM npoctpaHcTBe F,. [IpoBensi mpouecc oproroHannsanuu

(kak B TeopeMe 2) 3JIEMEHTOB €1, €, . . ., €, fxtl,-- -, fn, MBI TIONYUUM OPTOHOPMUPOBAH-
HBIH 6a3uc (e,), BCEro mpocTpaHcTBa k,, T. e.

(epa 62‘) = 5ip7 Zap - 1,7’L. (5)

B sToM Oasuce ssnemenT y U3 P umeer pasnoxeHue y = e,y”. M, caegosarenpHo, cucrtemMa
(4) c yuetom paBeHCTB (D) 3amuIlIeTCsl TakK:

Yo, =0, i=1,k (6)

Marpuua ||dp;||,x OXHOPOLHOH JNHHEHHOH cHCTeMBl ypaBHeHHH (6) MMeeT paHT, paBHBIH
k. Ho torma, kak mokasaHo B §2 ry. 3, COBOKYIHOCTb BCeX pelleHUH y cucTeMbl (6),
a 3HauUUT U cucTeMbl (4), oOpasyeT JMHEHHOe MPOCTPAHCTBO Pa3MEpPHOCTH n — k, T. €.
pasMmepHocTh P paBHa n — k. Teopema nokasaHa.

CanencrBue. basucom 8 P asaaromea n—k nocaednux aremenmos b6asuca (ep)n.

JleficTBUTENBHO, 3JIeMEHTHI €)1, - . ., €, JUHEHHO HE3aBUCUMbI, OO MpHHaAIexaT Oa-
sucy. UIx n — k u Bce onu npunamsexar P. PaamepHocTs P paBHA n — k. 3HAYUT IO T.
10 rn1. 2 ykasaHHas COBOKYIMHOCTb 3J1eMeHTOB o0pasyeT 6a3uc B P.

Onpenenenue. Jluneinoe npocmpancmeo E Hasvisaemcs npamot Cymmor
noonpocmparcme M u P, ecau KaxcOoiil aremenm x npocmparncmea E moxcem Ovimo
npedcmasiex, u npumom eOuHCmeeHHovim cnocobom, 8 eude cymmol aremenma y u3 M
u anemenma z u3 P.

Tot dakT, uto E ecTb mpsiMasi cymMma mnoanpoctpaHcTB M u P, CUMBOJIMUECKH 3aMu-
ceiBaercs Tak: B = M & P.

[Tpumepsl.

1). Ilycts E3 — nMHeliHOe TPOCTPAHCTBO BEKTOPOB C 3aKpelJieHHbIMU HadajaMH B
touke 0. Ilycte K;, Ky — nBe pasnuuHble npsiMble, npoxoasiure yepe3 touky 0. Tornma
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MJIOCKOCTh P, coepzkalias 3T [Be NpsiMble, ecThb npsamas cymma K; u Ko: P = K1 @ K.
JleficTBUTE/IBHO, AJS Ka)KAOT0 BEKTOpa d, Jexallero B MJ0CKOCTH P, pasjoxeHue Ha
cyMMy BeKTOpoB b u3 K u ¢ u3 Ky elMHCTBEHHO, UTO BUJHO U3 PUCYHKA.

2). Ilyete Py, P, — nBe passuuHble MJIOCKOCTH, npoxoasimue dyepes Touky 0. Torma
JM060H BeKTOp @ U3 F3 MpeacTaBUM B BHJe CYMMbl BeKTopa b U3 P, U BeKTopa ¢ U3 P;.
Ho He enuHCTBeHHBIM 00pa3oM, TaK Kak MOMHUMO Mpef-

a CTaBJIeHUS] @ = b + C MOXXHO TIPENJIOKUTb U TaKOe:

05 i=(b+d)+(@E—d).
d
e d — BEKTOD, JIeXKALLUHU Ha MepeceYeHrH! MI0CKOCTed Py
U P, 1 TeM caMblM BEKTOp b+ d nexur B maockoctd Py, a BEKTOp € — d B MIOCKOCTH
P,. Takum o6pasom, MPOCTPaHCTBO F3 He fBJsIeTCS MPSIMOU CyMMo# P, u Py, T. e. F3 #
P o bs.

Teopema 4 Bcakoe eskaudoso npocmparcmeo E, moxcrno npedcmasumoe 6 sude nps-
Mot cymmol 2106020 noonpocmparcmea M u e2co opmocorasbroeo donoanenus P, m. e.
E,=M®a P.

HokaszaTesabcTBo. Kak OblJIO MOKa3aHO MPU JOKA3aTeJbCTBE TEOPEMBl 3, MPO-
M3BOJIBHEIE OPTOHOPMHPOBAHHBIH 6a3uc (e,)r B M MOXKHO NOMOJHHTb O OPTOHOPMHPO-
BaHHOTro 6asuca (e,), MO BCEM NpOCTpaHCTBe F,, NPUUEM 3JIEMEHTHl €ji1,...,€, B HEM
obpasyioT 6asuc B P. Pa3noxuB n000# 3JeMeHT x U3 [, 1o 3ToMy 6asucy: z = e,a’, Mbl
MOJIYYUM, YTO TOT IJEMEHT OJHO3HAYHO MPEACTABJEH B CHUJY €IHHCTBEHHOCTH Pa3Jjoxke-
HUs 10 Gasucy B Buge x = x' + 2, e 2’ = eyaP, p = 1,k — COBEpLIEHHO OMpeaeseHHbIH
snemeHT M, a " = e, 2P, p = k+ 1,n — CcOBeplIEHHO ONpeJeJeHHbIH 3JeMeHT U3 P.
[TokaxxeM eIHHCTBEHHOCTb 3TOTrO MpeACTaBJeHus. [IpeanosoKum MpOTHBHOE, T. €. MYCTb
ecTb Apyroe mnpexacrtaBieHue x = y' + y”, rne y' € M, y”’ € P. BbuteM u3 mepBoro
MPeACTaBJIEHHUST BTOPOE:

0=(z"—y)+(@" —y"). (7)
Tak xak ',y € M, 10 2’ —y' € M. Tak xak z”,y" € P, 1o 2" — 3" € P. CnenoBate/ibHO,
(.1'/ _ y/’x// _ y//) — O (8)

YMHOXKHM 3jieMeHT (7) 1Mo MpaBUJy CKaJiipHOro Mpou3BeneHust Ha saeMeHT ' — y'. Torna
0,2'—y") = (&'—y, 2’ =y )+ (2" —y", 2’ —y'). 3neck neBasi yactb paBHa 0 B CHJIy paBeHCTBa
(2), BTOpOE coaraemoe crpaBa paBHO Hym0 B cuay (8). 3unauut, (2’ — ¢ 2’ —y') = 0.
[Tostomy mno a.4o =y =0, 1 e 2 =y YmHOXUB 37eMeHT (7) Ha 2" — y” mo nmpaBuay
CKaJISIPHOTO MPOU3BEIEHHSs], aHAJOTHYHO TOJNBKO UTO PACCMOTPEHHOMY CJIydalo MoJydyaeM:
" =", Ilpumn K NpOTHBOPEYMIO C NOMYIIEHUEM O TOM, UTO pasJsoXKeHHe Mo 6a3ucy He
eIMHCTBEHHO. 3HAUMT, 3TO pa3JioKeHHe elMHCTBeHHO. Teopema noKasaHa.
3ameuatue. Urak, nokasaHo, uTo AJsi Ka)KJI0ro 3JeMeHTa x U3 [, cyllecTByeT
eIMHCTBEHHasi rapa 3/7eMeHTOB: y U3 M u z u3 P, rone M — 3anaHHOe TOATNPOCTPAHCTBO
npoctpaHctea F,, a P — opToroHasnbHoe fonojHeHue K M, takas, uto x = y + 2. [lpu
3TOM YacTO = Ha3bIBAIOT HAKJOHHOU K TMOANPOCTPAHCTBY M, y — MNpoeKLHeHd 3JieMeHTa
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2 Ha MOAINPOCTPaHCTBO M, 2z — NepneHAUKYNSIpOM, ONYLIEHHBIM U3 3JeMeHTa x Ha M, a
IJIMHA 3JIeMeHTa |z| — paccTosiHUeM 3JieMeHTa x 10 M.

B KayecTBe NpUJ/IOKEHUS W WIJIIOCTPALUUH BBEIEHHBIX MOHATHH PacCMOTPHUM aJbTep-
HaTuBY Ppenronbma AJjs JUHEHHONW CUCTEMBI 1 YPABHEHHH C m HEU3BECTHBIMHU:

AX = B, (9)

rne A = ||d}||", X = |[|2P||", B = ||b?||™. Hanee Ham moTpeGyiOTCsi 1BE OXHOPOAHBIX
CUCTEMBI, COOTBETCTBYIOLIUX cUcTeMe (9):

AX =6 (10)

T
AX =0, (11)
KOTOPYIO Ha3blBalOT COMPSI)KEHHOH OMHOPOIHOM CHCTEMOMH, COOTBeTCTBYOLIEH (9).

Teopema 5 (AasrepHaruBa ®Ppearoabma) Haiu cucmema (10) umeem moavko Hysesoe
peuterue, u mozda cucmema (9) umeem edurcmeenroe peutenue npu arbom B uz T,.
Hau cucmema (10) umeem wernyresoe peuienue, u mozoa cucmema (9) cosmecmua mo-
eda u moavko moeda, Koeda cmoabey c60600HbIX 4LeHO8 B opmocoHasen npocmpan-
cmsy peuiteruti cucmemot (11).

HokaszaTteunbcrtso. Kak Obl710 NOKa3aHO B Kypce aHAJUTHYECKOH FeOMEeTPUH, JH-
HellHasi KBaJipaTHasi CUCTeMa ypaBHEHWU MMEET eIMHCTBEHHOE pellleHHe TOTAA U TOJIbKO
TOrJa, KOTJla ONpelesUuTeNb ee MATpullbl He paBeH (. 3HAuWT, B MEepPBOM yTBEPKIEHUH
TEOpeMbl OlpefiesuTeNb MaTpUlbl cucTeMbl (10), a TeM caMbIM U ONpeNeNUTeNb MaTPHULLBI
cuctembl (9), He paBeH Hyqt0. Ho Torna cucrema (9) uMeeT eIMHCTBEHHOE pellleHHe TpeN-
craBuMoe (opmynamu Kpamepa, nas mo6oro cronbua B cBOOOAHBIX 4JjeHOB. [lokaxkem
BTOpyI0 4acTb TeopeMbl. Kak crenyer u3 teopembl Kponekepa-Kanensnu (teopema 1, ru.
3) cucreMa (9) coBMecTHa Toraa W TOJbKO TOTAA, Korga crosbel B siBJsieTCS JHHEHHOH
KoMOMHaluel cronbuos Ap, As, ..., A, marpuusl A 310l cuctembl. MHbiMU cioBamu B
MPUHAJIEXKHUT JTUHEHHOH 000/104Ke CcTONOUOB MaTpulibl A L(Aq, A, ..., A,) = L(A) uau,
KakK cjefyeT U3 TeopeMbl 4, ctosbel B opToroHaneH P — OpTOroHaJbHOMY IOMOJHEHHIO
K L(A). Takum obpasom, 060l ctonbely X U3 P OpTOrOHAJEeH K KaXKAOMY 3JIEMEHTY
u3 L(A). INocnennee umeer mecto, ecau (X, Ax) = 0, k = 1,n. PacnucaB 31y cuctemy
pPaBeHCTB B KOOPAMHATAX, MOJYUHM:

n
Y apa? =0, k=1n,
p=1

uian B matpuyHoii dopme: ATX = 0, 1. e. X saBasercsa pewenuem cuctembl (11), a co-
BOKYMHOCTb P Bcex Takux X — MpocTpaHCTBOM pelneHud cuctembl (11). HMrak, pas
COBMECTHOCTH cHcTeMbl (9) HeoOXOMHUMO U A0CTATOUHO, UTOOBI cTOMOel BB OblJ OPTOTOHA-
JIeH K mpocTpaHcTBY P petenuii cuctembl (11).

Ecau cucrema (10) umeer TosbKO HyseBoe pelieHue, To U cuctema (11) umeer sumpb Hy-
JIeBOe pelleHHe, TaK Kak 1o cBoictBy 1 onpenenutens det A = det AT # 0, 1. e. P = 0.
Tak kak mo dopmysie (2) (B,0) = 0, To J1060# cTos16el; B opTOroHaeH Hy/JeBOMY CTOJG-
ny. CyenoBartesibHO, B 3TOM cayuae cuctema (9) paspewmuma ajs Jjwb6oro B u3 T),, uto
W JI0Ka3aHO B MepBOH yacTu TeopeMbl. Ecau ke cucrema (10) HeTpuBHANbHO COBMECTHa,
To 1 cucrema (11) umeer HeHyneBble peiieHusi. Torna P COmep:KHUT U HEHYJEBbIE 3Je-
MeHTBI. [ToaTomy 3nech cuctema (9) coBMecTHa TOTAa M TOJBKO TOTAA, Korma crogben B
optoroHasen P. Teopema nokasaHa.
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§5. OpTroronanbHasi MmaTpuua.

Onpenenenue. Keadpamnas mampuya Q = ||qr||? naseieaemcs opmoeorans-
HoU, ecau

QQ" = E. (12)

CcopmynupyeM U 0KaxKeM HEKOTOpPble CBOMCTBAa OPTOrOHaJ/IbHOW MaTpHILBL.
o

Ceso#icTBO 1.
QT =Q7" (13)

IlokaszaTteabcTso. [lo Teopeme 5 Ii1. 4 Kypca aHanuTH4YecKol reometpun det QT -
det Q = det QTQ = det E = 1. CaenoatesibHo, det Q # 0. [Tostomy matpuua () nmeer
ob6patHyt MaTpuiy Q'. YmHoxuB dopmyay (12) Ha Q! ciesa, npumem K popmyae (13).

3ameuanue. Tak xak no omnpenesnenuio o0patHol Matpuubl QQ ! = Q7 1Q = E,
TO B cUJIy paBeHcTBa (13) umeem:

Q'Q=E. (14)

Kaxnoe u3 paBeHctB (13) u (14) MoxeT OBITh MPUHSTO B KauecTBe ONpeNesieHHsI OPTOro-
HAJIbHOW MaTpHLBI.

CBoHCTBO 20.
det Q = +1. (15)

[0}
IlokaszaTeabcTso. Kak 6blI0 NOKa3aHO NpH JoKasaTesbcTBe cBoicTBa 1, det QT
det Q = 1. Ho B cuny cBoiictea 1 onpenenuteneit det Q7 = det Q. Iloatomy nepsoe pa-
0

BEHCTBO MOXHO 3anucath Tak: (det Q)? = 1, 4TO U 03HAUYaeT BBIMOJHEHHE CBOKCTBA 2 .
(o]

CeoiicTBO 3. Mampuua o6pamnas K OPmMOSOHALLHOL — OPMOCOHALLHASL MAMT-
puua.

NokasateabcTBo. [Ilytb () — oproroHanbHas mMatpuua, a Q~! — e#i obpar-
nasi. Uro6bl mokasathb, 4to (Q~' — opTOroHasbHass MaTpHIA, BOCIIONb3YEMCS ONpPeeeHH -
eM OPTOrOHAJbHOU MATpHUIIbI, T. €. TOKaXKeM BbimosiHeHue pasenctsa (Q~H7T = (Q71)~L
[Ipeo6pasyem JeByio uacTb pasenctBa: (Q~1)T = (cBoiicTBo 10): (QT)T = (ompenene-
HHe TPaHCIIOHMPOBAHHOH MaTpulbl) = (). Termepb paccMOTPUM IIPaBYI0 4acTh PaBEHCTBA:
(Q™H™! = Q (no ompenesenuo 06paTHOH MaTpulibl). Tak Kak B pesyJbTaTe TOXKJe-
CTBEHHBIX MPe0OPA30BaHUE Mbl MPUIIJIM K OMHOMY M TOMY € BBIDaXKEHHIO, TO HCXOHOE
PABEHCTBO CTIPABEJVIMBO, H, CIIENIOBATENLHO, Q! — oproroHasnbHas MaTpHIa.

CeoiictBO 4. Mampuua mpaHcnoHupo8anHas K OpPMO20HAAbHOU — OpPMmMoeo-
HAAbHAS mMampuua.
HokazateabctBo. [lo aHamoruu ¢ npeabAYyLUIMM: HAA0 TMPOBEPUTH CIPABENJIH-
BOCTb PaBeHCTBA
@ =(@"H™"
Ho no onpenesneHuto TpaHCIOHUPOBAHHON MaTpHULIbl BbIpaXKeHHe CJleBa eCTh MaTpula (), a

(0]
cnipaBa, ecqd 3aMenuTh Q7 B cuay cBoiictBa 1 Ha Q7! M BOCHOJB30BAThCS ONpeeeHHeM
00paTHOH MaTPHMIIbl, TaK XKe CTOMT MaTpuua (). 3HAUUT PaBEHCTBO CIIPaBeNINBO, U Q7 —
OpTOroHaJ/ibHasi MaTpULla.

[}
CBoiictBO 5. Ecau Q u Qu — opmoeorHasvrole mampuupt, mo Q1Qs — opmo-
2OHANLHASL MAMPUUQ.
INokasaTeanbcTBso. [Tokaxem BbnosHuMOCTh paBeHcTBa (13). (Q1Q2)" = (1o T.
0]
4, r1. 4, Kypca aHanuTHueckoi reomerpun) = QI QT = (mo ceofictBy 1) = Q5'Q! =
(mo 1. 9, r1. 4 Kypca aHaJIUTHUYECKOH reomeTpur) = (Q1Q2) L.
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CBo#cTBOG . N0 X n-mampuya () mozda u moavko mozda bydem opmo2oHaLbHOL,
Koeda cymma Ksadpamos ecex aiemenmos a0b60co ee cmoabya (cmpoku) pasHa I,
a cymma npoussederull cOOMBEMCMBYOULUX ieMeHmos Aobblx 08yx ee cmoaiby08
(cmpok) pasra Hyio.

Heo6xomxumoc s [lycth ) — opToronanpHasi MmaTpula, T. e. UMeloT Mecto (12)
u (14). Torna us (12) cnenyer, uto

= Z Qqu = 5pe~ (15/)
k=1

T. €. JJIs1 JIOOBIX CTPOK C HHJEKCAMHU p, e UMeeT MeCTO yTBep:KaeHHe cBoicTBa. A u3 (14)
TO 2Ke caMoe CJiefyeT JAJIsi JI0ObIX ABYX CTOJOLOB:

gt = quqe = Ope- (15")

HoctatounocTs. [lycts BbimosHensl (15) uau (15”). Ho us (15') caenyer, uto
QQT = E, 1. e. cornacHo onpeae/eHUI0 OPTOTOHANbHOM MaTpULbl () — MaTpuua OpTo-
ronasbHast. A uz (15”) caenyer, uto QTQ = F, 1. e. B cuay (14) Q — oproroHanbHast
MaTpulIa.

CBoHCTBO 70. Ecau (ex), — opmonopmuposarHoiil 6asuc 8 E,, mo 6asuc (fi)n.,
noayuenHolll npeobpasosanuem f = eQ), ede () — OpmMoO2OHANLHAS MAMPULQA, MAKHE
6ydem opmoHoOpMUPOBaAHHLIM BAZUCOM.

JlokasaTeJabcTBo. B k-om cTosibue MaTpHLBI () CTOSIT KOOPAMHATHI 3JIeMeHTa [},

B 6aswuce (e,),. [ToaToMy Ha ocHOBaHMM cBoHCTBa 6 , paBeHCTBA (3) ¥ OPTOHOPMHPOBAH-
HOCTH Gasuca (e,), umeeM (f,, fr) = Opk, T. €. (fx)n — OPTOHOPMHMPOBAHHBIH Ga3HuC.

(0]
CBoiictBo 8 .Ecau (fy)n u (ep)n, — OpmoHopmuposartsle 6a3ucol, mo mampuya
Q, ocyuecmsasrowan nepexod om o00Hoeo basuca K Opyeomy: [ = eQ), asasemcs
OpMOCOHANLHOU.

NokaszarteanbcTBO. Tak Kak f = eQ, 10 fr = e,q}, [p = ejq;. Torna (fx, fp) =
(eid}, e;q)) = (dbopmyna (3') = i qi.q;, =(¥3 OPTOHOPMHUPOBAHHOCTH (fi)n) = Opp. Ho
i=1

nocJiefiHee PaBeHCTBO eCTh COOTHOIIeHHe (15”). 3HauuT B CUJy CBOHCTBA 6 matpuua ¢
OpTOTOHaJIbHaS.

[Ipuwmep. IloBopoT Ha yroa o B mpocTpaHcTBe Vo eCThb OpPTOroHasbHOe Mnpeobpaso-
BaHME CTapbIX MePeMeHHbIX X,y B HOBble x”,y” MO M3BECTHBIM W3 Kypca aHaJHUTHUECKOH
reoMeTpUu (opMmysiam:

2 =xcosa+ysina

Yy’ = —xsina + ycosa

3amnuiiem 3To npeoOpa3oBaHUe B MaTPUYHOH (popMe: MyCTh

! 3
X,,:<:U”>7X:<x>,Q:<_CQSOz sma>'
Y Yy sina  cosa

Torna X” = QX — oproronanbHoe npeo6pasoBaHue, a () — OPTOrOHAJbHAs MaTpHULA.
[Ipoeepum BhinosmHenue cBoiict. CBoicTBO det ) = cos® a + sin® a = 1, T. e. OHO BBINOJ-
HeHo. OTclofa o6paTHoe NpeoOpa3oBaHKe 3ajaeTcss MaTpPHULEH:

0! = ( cosa  —sina >

S11 v COs &

37



Tak kak

sin « CcoS o

o7 — < cosa —sina )
- )

)
10 QT = Q7!, 1. e. BHINOAHEHO cBocTBO 1 . OueBuaHO BHINOJAHeHHe paBeHCTB (15), T. e.

0
MMeeT MeCTO CBOHCTBO 6 .

§6. O6uwmi BuA JMHEUHOrO (PYHKIIMOHAJA.

OnpeneneHue. Pyukyuorarom 8 eskaudogom npocmparcmee E, nasvisaemcs
060t Haneped 3adanwbiii 3akon P, no komopomy arobomy sremenmy x u3 E, cono-
cmasasiemcs onpedenennoe Oeticmeumenrvroe uucao, obosnavaemoe cumgorom P(x).

Onpenenenue. Dynkyuonar ®, x € E,, nasvieaemcs AUHEUHbIM, CAU:

a) 0asn aroboix x,y us B, ®(z+y) = d(x)+ d(y),
6) oas aroboco uucaa b uz Ky u awboeo x us E, ®(bx) = bd(x).
W13 ycsoBuit a), 6) Mo MHIYKLMH JIETKO MOJYYHTh CJEAYIOLIee COOTHOLICHHe MJIs JIH-

HeHHOro (hDYHKLHOHAMA: AJS JIOOBIX T1,Ta, ..., T, U3 K, u mo6bx uncen b', b2 ..., b" us
K, umeem:

O(z,07) = bPP(x). (16)
[Tpumep sunetinoro dynkuuonana: Ilycts 2 — QukcupoBanHblil sjaeMedT E,, © — Jio-

6oii anement E,. Torma ckansipHoe npoussenedue (r,z%) — JMHeHHBIH (YHKIIHOHAJ.
JleficTBUTEIbHO, CKaJIsIpHOE TIPOM3BeNeHHe NPH (PUKCHPOBaHHOM ¥ — omnpene/ieHHbIH 3a-

KOH II0 KOTOpOMY JI}06OMY 9JIEMEHTY X H3 En CTaBUTCA B COOTBETCTBHE OIllpedeJ/ieHHOe
0

yucs0. 3HA4YMT, 310 pyHKUHOHasA. [anee 3 a.l - 3 onpeje/eHus CKaJspHOro Npous-
BeJleHHsl CJelyeT, UTO 3TO JHUHeHHBbIH (PpyHKIHOHAA. OKa3biBaeTcsl, MPUBEAEHHbIH pUMep
JIUHEHHOTO (PYHKLHOHANa urpaet (yHAaMEHTaJbHYIO POJib BO BCEH TEeOpHUH JHUHEHHBIX
(yHKUHOHAJIOB. A MMeHHO, BepHa CJeayIoLLas

Teopema 6 Bceakuil auneiinoli ¢yukyuonar ® npedcmasum edurncmeernmoim obpa3om
no gopmyaie:
®(x) = (v,2"), (17)

2de x° — nexomopolil ukcuposarnvill saemenm us k.

Hoxasarteabcrtso. [lycts (e,), — opToHOpMUpPOBaHHBIH 6asuc B E,. Tak kak
(yHKLHOHAJ ONpe/esieH Ha BCeM MpocTpaHcTBe F,,, TO, B YaCTHOCTH, OMpeNeseHbl YUC-
aa ®(ep), ®(eq),...,P(e,). Mycts 2° — anement E, ¢ koopauHatamu X0 = ||P(ex)||” B
6asuce (e,),. [lyctb z — mo60i saement E, ¢ koopauHatamu X, = ||c¥||" B Tom xe
6asuce (ey)n, T. €. & = epc®. Torna ®(x) = P(erc®) =(popmyna (16))= "P(e;) =(rax
KaK (), — OPTOHOPMHpPOBaHHbIH 6asuc, To mo dopmysne (3))=(z,x°). Ocranocs moka-
3aTh eMHCTBEHHOCTh MpeACTaBeHus (PyHKIHOHAna P B BUE CKaJSIPHOrO MPOU3BEIEHHS.
[Tyctb BO3MOXKHBI 1Ba mpenctasienus: ®(z) = (x,2°) = (z,y). Ho torna mis so6oro x

(0]

(0]
us B, (z,2°) — (z,y) = (a.1 ,2 ) = (z,2° — y) = 0. B yactHoctH, npu = = 2° — y umeem
[0}

(2° —y, 2% —y), uTo B CHAY a.4 ONpe/eseHUs CKAJISIPHOTO POU3BENEHHUSI BO3MOXKHO JIMIIb

npu 2° —y = 60, 1. e. npu 2 = y. V3 moy4eHHOrO MPOTHBOPEUHUS C MPEATNOIOKEHUEM

cjaeayeT eMIMHCTBEHHOCTb MPEeACTABJICHHUA. TeopeMa JOKa3dHa.

§7. N30Moph13M €BKJIMIOBBIX MPOCTPAHCTB.

[To ananoruu ¢ usomMopu3aMoM JUHEHHBIX MPOCTPAHCTB BBOAUTCS TOHSITHE H30MOP-
(pu3Ma BceX KOHEUHOMEPHbIX €BKJHAOBBIX IPOCTPAHCTB.
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Onpenenenue. [sa eskaudosvix npocmparcmsa E, u E!' nasvisaromes uso-
MOPDHOIMU, eCAU MeHcOY INeMEeRMaAMU IMUX NPOCMPAHCME MONHCHO YCMAHOBUMb 83Q-
UMHO 00HO3HAUHOE COOMBEemcmaue mak, umo ecau sremesman npocmparcmsa E, x,y
omeeuarom coomseemcmaenHo aremenmol x" y" npocmparncmea E!, mo aremenmy v +y
us E, omsewaem x" +y" uz E!, a anemenmy bx (Vb € K,) us E, omseuaem aremenm
bx" uz E!' u, nakoney, (z,y) = (2", y").

Teopema 7 Bce eskaudossr npocmparncmea 00HOLU 1 Mot dHce pasmeprocmu n u30mMopQ-
Hobl.

JJokasarteuabcrtso. [locTaTouHO 10Ka3aThb, 4TO JH0OOE N-MEPHOE €BKJIHUI0BO IPO-
cTpaHcTBO E! M30MOP(HO €BK/JIMIOBY MPOCTPAHCTBY £, YNOpPsSIOUEHHBIX COBOKYMHOCTEH

n NeACTBUTEIbHBIX ukcen Buaa xr = (z', x%,... 2") co CKaNApHBIM TPOU3BENEHHEM

(z,y) = 2'y* + 22> + ... + 2"y (18)

CorsiacHo TeopeMe 2 B E! cyliecTByeT OpTOHOPMHPOBAHHBIN 6asuc (e}),. Kaxxnomy aie-
Menty z” = e}z npocrtpanctea E! moctaBMM B COOTBETCTBHMe n uucesn rl,z? ... z"
— KOOpAHHAT 3TOr0 3JeMeHTa B Gasuce (eg),, T. €. BIOJHE OMNpeIeJEeHHBIH 3JEeMEHT
xr = (z', 2% ..., 2") npocTpancTBa E,. YcTaHOBJEHHOE COOTBETCTBHE B3aUMHO OIHO3HAY-
Ho. Kpome Toro, us teopemsl 9 ri1. 2 cienyert, uto ecsu saementam x”,y” u3 E!, umeomum
B Gasuce (¢}), xoopauHatel X, = |[2*|[*, Y. = [[y*||", oTBeuatoT cooTBeTCTBEHHO SMIEMEH-
™z = (z',2%...,2") uy = (y',9% ...,y") npocrpanctea E,, To anementy z” + 1’
COOTBETCTBYeT 3JIeMEHT x + y, a 3jeMeHTy bx” coorBercTByeT 3jeMeHT bx. Octajoch
nokasatb, uto (z”,y") = (z,y). B cuny oproHopMupoBaHHocTH 6asuca (€}), U (GOpMYJbl
(3): (2", y") = a'y + 2%y® + ...+ 2™y™. C npyroit ctoponsl, B cuy dopmyas (18), onpe-
NeJISIIOIIel CKaJsIpHOe MPOU3Be/ieHHe B MPOCTPaHCTBe F,, 3TOMY e BbIPaXKEHHIO PaBHO
cKaJisipHoe TpousBeneHue (z,y). Teopema nokasaHa.

39



I'n. 5. JIuHeliHbIe onepaTopbl B JIMHEMNHOM KOHEYHOMeEP-
HOM MPOCTPAHCTBE.

§1. OcHOBHBIE MOHATHS.

[Iycte R, u R, — JauHeliHble mpocTpaHcTBa Haxa noseM [, npudyem k < n. Bynem
Ha3blBaTh OIEPATOPOM fl, JedcTByOIIUM U3 R, B Ry, COOTBETCTBHE BHUAA A R, —
Ry, conocraBjsilolllee KaXKAOMYy 3JeMEHTY = IMPOCTPaHCTBA [R,, HEKOTOPHIH 3JIeMeHT Yy
mpocTpaHcTBa Rj, M 0003HAYaTh CHMBOJOM Y = Az, mpH 5TOM 3/JEMEHT & HA3biBAETCS
npoo6pa3oM, a COOTBETCTBYIOILHUH €My 3JeMeHT y Ha3blBaeTcsi 00pa3oM.

Onpenenenue. Onepamop A, Oeticmsyrowuti u3 R, 8 Ry, nHasvisaemcs sureli-
HbLM, ecau Oas Ar0bbix dnemenmos xy U To npocmpancmea R, u aobozo uucara b u3
noas K
1) A(zy + 25) = A(z1) + A(z2) (ceoticmso addumusrocmu onepamopa,)

2) A(bxy) = bA(x;) (ceoticmso 0dnopodrocmu onepamopa).

Gameuanue 1. Ecau k =1, To aMHelHBIH onepaTop A, OeUCcTByOIMK U3 R, B R
Ha3blBaeTCsl JUHEHHOU (POPMOM MM JIMHEHHBIM (DYHKIIHOHAJOM. DTOMY CJydar0 MOCBSIIEH
§6 ra. 4.

Gameuyanue 2. Ecau npoctpaHcTBo R coBmagaet ¢ MpocTpaHcTBoOM R,, TO Ju-
HeUHBIA omnepaTop A, HedcTBYOILUHA U3 R, B R,, Ha3blBAIOT TaKKe JIMHEHHBIM Npeodpa-
30BaHHEM IPOCTPaHCTBA [7),.

dTa raaBa LeJUKOM OyfeT MOCBsIleHa MOCJAefHEMY CJayyaim, T. €. JHHeHHOMY oOre-
paropy, meiictBylomeMy U3 R, B R,. Tak Kak B 3TOM cjyyae He BO3HHMKaeT MpobOJjeMbl
0 TOM, Kyla M OTKylda HeHCTByeT onepaTop, TO cJoBa 'AeHcTByMOWMH W3 R, B R," 3a
HeHa0OHOCThI0 OyZeM OMyCKaThb.

[Ipumepsl.

1. Hynb-onepatop 6: nas kaxporo z u3 R f0x = 6.
2. EnuHUYHBIA UM TOXIECTBEHHBIH onepaTtop E: aas Bcex x us R Fx = x.

3. Onepatop yMHOXeHHSI Ha UUCJIO0 U3 Moyt K WM omepatop MmomoOus: OJsi KaxKAOTo
x u3 R Ax = bz, rne b — pukcupoBaHHoe uucyao us K.

4. OmnepaTop MoBOPOTa Ha YTOJ ¢y B THHEHHOM MPOCTPAHCTBe V5! /ISl KaXKI0T0 BEKTOpa

5. Omnepatop nuddepeHuupoBaHus [, 3agaHHbI B JHUHEHHOM MPOCTPAHCTBE Herpe-
pBIBHO HU(depeHIUpyeMbIX Ha cerMenTe [a,b] QyHKUUH Cﬁz,b]’ [IePeBOLUT 3JIeMeH-
Thl 9TOr0 NMPOCTPAHCTBA B dJeMeHThl MpocTpaHcTBa Clq )t AJS Kaxaoro x(t) € C[layb}
Dx(t) = i(t) € Clay)- VIHBIMH cllOBaMH, omeparop D peiicTByeT Ha MOLMPOCTPaH-
CTBe C’[lmb] JuHeRHOro npocTpaHcTBa Clgp. ITO €AMHCTBEHHBIA NPUMep JHMHEAHOTro
oneparopa B 6€CKOHEYHOMEPHOM MPOCTPAHCTBE, KOTOPHIH Mbl PACCMOTPEJH B HalleM
Kypce, ©00 Halla UeJib — U3YYUThb JIMHEHHbIe OMlepaTophl, N1eUCTBYIOLIHE B INHEHHOM
KOHEYHOMEPHOM MPOCTPAHCTBeE.

§2. Marpuiua JUHEHHOr0 oneparopa.

~

[TycTb nMHeliHBIH onepaTop A 3aiaH B JHMHEHHOM IIPOCTpPaHCTBe R, a (e,), — HeKo-
Topbl# 6asuc B 3TOM mpocTpaHcTBe. OKasblBaeTCsi, JOCTATOYHO BBISICHUTH Pe3Y/bTaT MPH-
MeHeHHUs1 onepaTopa A K 0a3UCHBIM BeKTOpaM, uToObl 3a4aTb 3TOT ONEpaTop BO BCEM
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npoctpaHcTee R,,. PaccmoTpuMm sseMenTtsl Aey,, p = 1,n. PasnoXum Kaxxapli U3 HUX MO
6asucy (ep)n:
Aep:eka’;, p=1n, k=1,n. ()

Marpuna A. = ||af||? HasbiBaeTcsi Matpuieli JMHeliHOrO onmepaTopa A B 6asuce (e,)n.
CooTtHouenue (1) 3anuiieM B MaTpUUHOH (opMe, BOCIOJNb30BABIIKUCh BBEIEHHBIMU B TJI.
2 0603HaYeHUAMH € = ||e,||n, Ae = || Aey||n:

A

Ae = eA.. (1)

Jemma 1 Ecau C = ||c¥||7, mo A(eC) = (Ae)C.

plim’

JloxasaTeabcTso. A(eC) =(onpenesneHye MPOU3BeeHUS MATPUIL)= A-Hekc’;Hm =
Hfl(ekc’;)Hm =(cBoiicTBO 2) onpesiesIeH s JIMHEHHOTO oreparopa)= H(/lek)c’;Hm = (ompe-
nesieHue npousBeneHust matpun)= (Ae)C'. Jlemma noxkasaHa.

Teopema 1 [Iycmo 8 6asuce (e,), suneiinoco npocmparncmea R, aunetinomy onepamo-
py A coomgemcmsayem mampuya A.. Toeda, ecau sremenm x u3 R, umeem 8 amom
6asuce Koopdunamor X, = ||zP||", mo eco ob6pas y = Ax 6ydem umemsv KoopOuramoL,
onpedeasemoie QOPMYAOL:

}/e - ||?Jp||n - AeXe‘ (2)

HoxasarteabctBo. Ecmu z,y € R, To no 6asucy (e,), OHH pas3joxkarcs Tak:
r = eX,,y = eY,. Torna y = Az sanumercst Tax: eY, = A(eX,) uau B cuny jemme 1 u
dopmyasl (1) eY, = eA.X.. 3necp cneBa U crpaBa CTOAT Pas/okKeHHs N0 6asucy (ep,),
paBHBIX 3/eMeHTOB. [I03TOoMy B CHJy eIMHCTBEHHOCTH DPa3/oXKeHHs Mo 6asucy HMeeM:

Y. = A Xe.

Teopema 2 Ecau (e,), — 6a3uc 8 aunetinom npocmpancmee R,, mo kasxcoas n X n-
mampuya A, = ||a’;||3 ABAAEMCA MAmMpUyeti HeKomopozo AuHeiliHoeo onepamopa A 8
amom basuce.

JlokaszaTeabcTso. [TocTporm omepatop A Tak: KaxIoMy x ¢ KoopiuHaTaMi X,
CTaBMM B COOTBETCTBHE 3JIEMEHT Y C KOOpPAHHATaMH Y, 3aI1aHHBIMU PaBeHCTBOM (2).

a) DTOT omepaTop JIUHEeH, TaK KakK 3JeMeHTHl = + z U br UMeT B CHJYy TeopeMbl 9, Iil.
2, cooTBeTCTBEHHO, KoopauHaThl X, + Z, bX, u o popmysne (2):

A X+ Z.) = A X+ AcZe, 1. 6. A(x + 2) = Ax + Ay,

A (bX,) = b(A.X,), 1. e. A(bx) = b(Ax).

6) Beruncanm marpuiy storo oneparopa B 6asuce (e,),. C 3TOH Liesbl0 BEIYUCIUM KOOP-
IMHATHI 37eMeHTa Ae, U TIOCTaBHM X, KaK CJIe[yeT U3 Onpe/leJleHHs MaTpPHIIbl OrepaTopa,
B p-bifl cTosiGer Marpuipl. Torna mo dopmyse (2): (Ae,). = Acl[,||" = [[afdy||" = [lap]",
rne ||6,||" — xoopnunathl e, B 6asuce (e;),. Takum 06pa3oM, MaTpuLla OnepaTopa B yKa-
3aHHOM Gaswce ||af||? = A.. Teopema nokasaHa.

O6benuussi TeopeMbl | U 2, MOXKHO cHesaTb BBIBOMA: MPU (PUKCHPOBAHHOM 0a3uce B
JIMHEHHOM TpocTpaHcTBe R,, CyllecTByeT B3aMMHO OIHO3HAYHOE COOTBETCTBHE MEXIY
JIMHEHHBIMU OMepaTopaMy W MaTPULLAMH MOPSIIKA 7 X 7.

[Tpumepsl.

1. Marpuua Hynb-oneparopa B mo6om 6asuce umeet BUA: 0. = ||0]|7.
2. Marpuua ToX1eCTBeHHOro ornepatopa F B jo6oM 6asuce umeer Bum: E, = ||or]|™.

3. Marpuua ornepatopa nogobus A B oGom Gasuce umeer BuL: A, = ||[bo?]|".
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4. Matpuua noBopoTa Ha YroJ « B JIJUHEHHOM IMpPOCTAHCTBe V3 I/ OPTOHOPMHPOBAH-
Horo 0asuca €1,€y : Ae; = €1cosa + éysina, Aéy = —esina + €3 cosa. Takum
o0Opa3om,

cosa —sina
A, = . — OpTOroHaJ/bHasl MaTpHLa.
sina cosa

§3. CBa3p MaTpul omeparopa mpu Iepexoge OT OJHOro Oasmuca K
Apyromy.

[lycte B 6asucax (e,), ¥ (f,), MaTpuLaMHu omneparopa A OynyT marpuubl A, n Ay
cooTBeTcTBeHHO. [Iycth P — MaTpuia nepexopa ot 6asuca (e,), K 6asucy (f,),, T. e.
f =eP. Uneem: Af = A(eP) =(nemma 1)= (Ae)P = (dopmyna (1'))=e(A.P). C apyroi
ctropoubl, Af = fA; = (eP)A; = e(PAy). Takum o6pasom, e(A,P) = e(PAy), rae
cJleBa U CIIPaBa CTOAT pasJioKeHHs 1o 6a3ucy (e,), PaBHBIX 3jeMeHTOB. [ToaTomy B cuiy
e[IMHCTBEHHOCTH pa3sioxkeHust 1o 6asucy AP = PA;. YMHOXKHB 3TO paBeHCTBO Ha P!

cJieBa, MOJYyUYUM
Ap = PlA.P. (3)

Boaee toro
det Ay = det A, (4)

4To caenyeT U3 opmyasl (3), TeopeMbl O IJl. 4 Kypca aHaJUTHUECKOH FeOMETPHUH U TOTO,
uto det P -det P71 = 1.

§4. HdeiicTBusl HaJ JUHENHBIMU ONEPaTOPAMHU M COOTBETCTBYIOLIHE
AeUCTBUS HaJ MaTpUIlaAMH.

[TycTb B JMHeliHOM mpocTpaHcTBe R,, 3anaHbl 6asuc (e,), W JUHelHble omnepaTopsl A
u B.

Onpeneanenue. Onepamopol A u B nasvisaromes pasHoimu, ecau 015 Kaxndoeo
r u3 R, Az = Bu.

YrBepxkaenue 1 Ecau onepamopel pasrol, mo 8 Atobom basuce pasHov. mampuyol IMux
onepamopos.

JloxasaTeabcTBoO. Tak Kak gjg Jwoboro z u3 R, Az = Bm, TO IIPH T = ¢,
Aep = Bep, T. e. IpH p = 1, n TNOC/IeIHHE PAaBEHCTBA MOXKHO 3arucath Tak: Ae = Be win
no dopmyise (1') eA. = eB.. [loatomy A, = B,.

Onpenenenue. Cymmoi aw0boix 08yx AuHelHbLX onepamopos A, B nasusa-
emcs onepamop C makoul, umo 0as 4106020 = us R, Cx = Az + Bz u o6osnavaemcs
cumsorom A+ B.

YrBepxaenue 2 Ecau A, B — aunelinole onepamopbel 8 AureliHom npocmparcmse R,
mo A+ B — makce AuneliHobll onepamop 8 mom xHe AUHELHOM NPpOCMPaHcmaee.

HokaszateabcTBo. [Iycts C' = A+ B. Hago nokasatb, uto 1) /st BCex , y U3
R, C(z+y) = Cz + Cy, 2) ans mo6oro x u3 R, u mo6oro b us moas K é(b:c) = bCx.
W3 onpenenenus cymMMbl OepaTopoB CJEAYeT, 4TO A Jo6oro e us R, Ce = Ae + Be.
[Tostomy, ecan e = x+y, To Clz+y) = A(x+y)+B(x—|—y) —(u3 nuneiiHocTH A, B)= Az+
Ay+Bz+ By = (a.1, 2 uneiinoro MPOCTPaHCTBA)= (Ax+Bx) (Ay+By) =(onpeneneHue
CYMMBI OTepaTopOB)= (A+ Bz + (A+ B)y = Cx + Cy, 1. e. 1) nokaszano. Auanorud-
no, C(bx) =(ompenenenne cymmbl omepatopos)= A(bx) + B(bx) =(nuueiinocts A, B)
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= bAz + bBx =(a.8 smHe#iHOro MpocTpaHcTBa)= b(Az + Bx) =(ompenesenue CyMMbl
onepatopoB)=b(A + B)x = bC'x.

Yreepxknenue 3 Mampuya cymmo. onepamopos A, B & awbom b6asuce (e,), pasHa
cymme mampuy, onepamopos A, B & amom e 6a3uce, m. e.

C.=(A+B).=A. + B..

NloxasateabcTso. eC, =(popmyna (1'))= Ce = ||Ce,ll, = ||Ae, + Bey||n =
|Aey || + || Bey|ln = Ae + Be =(dpopmyna (1'))= eA, + eB. = ¢(A. + B.).

Onpenenenue. [lpoussedenuem onepamopa A na uucao b us K nasvisaem-
¢ onepamop C' makoti, umo Oaa kaxdozo x us R, Cx = b(Azx), u obosnauaemcs
cumeorom bA.

YrBepxkaenue 4 Ecau A — aunelinoitl onepamop, Oelicm8yroujull 8 AUHEUHOM Nnpo-
cmparncmse R, nad norem K, a uucaro b npunadrexmcum K, mo onepamop bA — auneti-
Holl.

JNokasateabcTso. [lyets C = bA. Torpa post mobbix z, y U3 R, C’(az‘+y)
b(A(z+y)) = b(Az+ Ay) = b(Az) +b(Ay) = C’x—l—Cy, T. €. IepBoe TpeGoBaHUe JIMHEHHO-
CTH ormepaTopa BbimosHeHo. Temeps pacemorpum Clax), rae a € K. C(ax) = b(A( r)) =
(nuueiinocTs A) = b(aAx) = (a.6 nuHeitoro npoctpanctsa) = (ba)Az = a(bAx) = aC'z,
T. €. U BTOpPOe TpeGOBaHUe JMHEHHOCTH ONepaTopa UMeeT MeCTo. YTBepKAeHHe T0KA3aHo.

YrBepknenue 5 Mampuya onepamopa bA e arobom 6asuce (e,), pasHa mampuye one-
pamopa A 8 amom e basuce, ymHOMeHHOU Ha 4ucaro b, m. e.

(bA), = bA,.

NlokaszaTeabctso. [Iyers C = bA. Torna eC, =(dopmyna (1'))= Ce = ||Ce,||, =
[bAe, ||, = b||Ae,||, = b(Ae) =(dopmyna (1'))= beA, = ebA,. Tloatomy C, = bA,.

Teopema 3 Mnoacecmeo scex aunetinolx onepamopos, 0elicmeyroujux 8 AUHEUHOM NPo-
cmpancmse R, nao noaem K, ¢ YKa3aHHbIMU ONEPAYUAMU CAOHCCHUS U YMHOHCEHUS HQ
yucao b uz moeo xe noars K obpasyrom aureiiHoe npocmparcmaeo.

HokaszaTenabcTBo. Hano npoBepuTh BEIMONHEHHE BCEX BOCHBMH aKCHOM JIMHEH-
HOTO MPOCTPAHCTBA.
al) A+ B = B+A W3 onpenenenus onepaunu CIOXKeHUs ONEPATOPOB CJENYeT, 9TO ISt
Besikoro  u3 R, (A+ B)e = Az + Bx =y, +y, u (B+ A)x = B + Az = y, + . Ho
IS JIOOBIX Y1, Y2 U3 Ry Y1 + Y2 = Yo + U1 [Tosatomy a.l) BeIMOJIHEHA.
a2) (A+B)+C=A+ (B + () nokasbiBaetcst TaK ke, Kak a.l).
a.3) L/Ist BCeX OIIepaTopoB A CyIIeCTBYeT omepaTop 6 Takoit, uto A+60 = A (noxasbiBaercs
1o TOU »Ke cxeme, 4To U a.l)).
a.4) 1UIst BCSIKOTO orepatopa A cyiiecTByeT ornepaTop (—1)121, TaKoit uto A + (—1 )fl 0.
(n1s Besikoro o u3 Ry, (A+ (—1)A)z = Az + (—D)Az = y+ (-1)y =y —y = e.
aKCHOMa BBINIOJIHEHA).
a.5) 1- A=A, uro caenyer us OIpe/ie/ieHHsl ONepalii YMHOXKEHHsT OnepaTopa Ha YMeio.
a.6) s Beex a,b uz K a(bA) = (ab)A (mOKaxHTe CaMoCTOATEIBHO).
a.7) mns Beex a,b u3 K u mo6oro A (a + b)A = aA + bA. s Kaxmoro r us R,
((a + b)A)x = (a + b)(Az) = (a+b)y = ay + by. C apyroii cropousl, (aA + bA)z =
aAzx + Az = ay + by. CpaBHHBasi 3TH paBeHCTBa, MPUXOAUM K BBIBOALY, UTO a.7) HMeeT
MeCTO.
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a.8) misa modoro a u3 K u J0ObIX A, }3’ a(A + l%) = afl + aB. C omHOH CTOPOHEI, AJIs
Bcex x u3 R, (a(A+ B))x = a((A+ B)x) = a(Ar + Bx) = a(ys + y2) = ay; + aya. C
JIPYTrOH CTOPOHBI, (aA + aB)x = aAz + aBx = ay1 + ays. V13 3TUX paBeHCTB caenyer
cripaBensinBocTh a.8). Teopema nmokasaHa.

3 anaya. Haiitu 6asuc u onpenesuTb pa3MepHOCTb MpocTpaHcTBa U JMHEHHBIX Ore-
paTopoB, AEUCTBYIOUIMX B MPOCTPAaHCTBe 7, Ham nosem K.

Pewenune. Mexny onepatopom A u ero MaTpuueil A, B 6asuce (e,), CyLIECTBYeT
B3aUMHO OJTHO3HaYHOE COOTBETCTBHUE, YTO ObLIO J0Ka3aHo Bhille (TeopeMmsbl 1, 2). [ToaTomy,
TaK Kak IPU 3TOM B CHMJy Bblllle JOKA3aHHBIX YTBEPXKAEHHUH CyMMe OIepaToOpOB COOTBET-
CTByeT CyMMa MX MaTpHl, a MPOU3BEAEHHI0 MAaTPUL Ha YHCJO ONepaTop, YMHOXKEHHBIH
Ha 3TO0 uucJ0, To npoctpancTBa U n A% usomopdusl. CjenoBatesbHO, pa3MepHOCTb MPO-
crpancTBa U paBHa n? W Gasuc mpocTpaHcTBa U (Ap)n2 — MHOXeCTBO JIMHEHHBIX orepa-
TOPOB, Y KaX/IOr0 M3 KOTOPBIX B 6asuce (e,), MaTpPUla UMEET BCE 3JEMEHTHl PaBHBIMU
HYJ/10, KPOMe eJMHCTBEHHOIO 3JieMeHTa, paBHOro 1.

Onpenenenue. [Ipoussedenuem onepamopos A, B deticmsyiouux 8 runeiinom
npocmpancmee R,, Ha3vieaemcs onepamop C' makoii, umo Oas ecex x us R, Cr =
A(Bz) u obosnauaemcs mak: AB.

~ ~

YrBepxknaenue 6 Ecau A, B — auneiinoie onepamoposl, mo AB — modce Auretinoill
onepamop.

JlokazateabcTso. Illyere AB = C. Torma aas Beex z, y u3 R, é(x+y) =
A(B(z + y)) =(muueiinocts B) = A(Bz + By) =(muneiinocts A)= A(Bz) + A(By) =
Cz+Cy, 1. e. nepsoe yCJI0BHE JINHEHHOCTH OrepaTopa BbNONHEHO. Tak Kak st Mo0bIX @
u3 R, u mo6oro a u3 K C(ax) = A(B(ax)) =(mmueiinocts B)= A(aBz) = (1uHefiHOCTb
A)= aA(Bz) = aCx, T0 BBIIOJHEHO U BTOPOE YCJOBUE JHHEAHOCTH OMepaTopa.

YrBepxknenue 7 Mampuya onepamopa AB 8 ato6om 6asuce (ep)n paswa npoussede-

HUO mampuys. onepamopa A Ha mampuyy onepamopa B & mom e 6asuce, m. e.
(AB). = A.Be.

JlokaszatenabcTso. [lyers C = AB. Torna eC. =(popmyaa (1'))= Ce = (A(Be))
= (popmyna (1'))= fl(eBe) =(semma 1)= (Ae)Be =(dopmyaa (1'))= (eA.) B. =(cBoiicTBO
ornepauuu ymHoxenusi matpuu)= e(A.B.), T. e. eC, = e(A.B.) = yTBepxkeHHUE.

Sameuanue. (AB). = A.B., (BA). = B.A.. Kak 6b10 mokazaHo B asrebpe
maTpuil (ri. 4 Kypca aHaJHTHUECKOH IeOMeTpPHH), Orepalisi yMHOXKEHHSI MaTpHUIl He 00-
JlajlaeT CBOMCTBOM MepecTaHOBOYHOCTH, T. €. BooOuue rosops, A.B. # B.A.. [loatomy B
cusy u3oMop(H3Ma MPOCTPAHCTBA OMEPATOPOB M MpocTpaHcTBa Matpul A, Booblie ro-
BOPS AB #* BA. Hanpuwmep, B nuneiiHom npoctpaHncte V5, 3aaHbl OPTOHOPMHUPOBAHHBIN
6asuc €,€, M JBa OmepaTopa: oneparop A mpoekTHpyeT BeKTOpbl M3 Vi Ha 0Ch BEKTOpA
€1, a orepaTop B MOBOPAYMBAET BEKTOPbI M3 Va Ha Yrosi 7/2 MPOTHB YacOBOH CTPENKH.
Torna ABel = Aeg =0, a BA61 = Bel =éy. Ho 6 # é,, 1. e. AB #* BA.

OnHako ecTb JIMHEHHbIe orepaTopbl, 06/1afaioLIke CBOACTBOM NepeCTaHOBOYHOCTH:
1) nast Beex A A = 0A =0 u 2) nisi Beex A AE = FA = A.
CgoiicTBa onepalnyd YMHOXEHHS OMepaTopoB.

1", Couerare/bHOe CBOMCTBO OTHOCHTENbHO HHCAOBOrO MHOMKHTESS: aJs moboro a U3 K
u mo6bix A, Bus U a(AB) = (aA)B

2" .CoueraTesbHOE CBOHCTBO OTHOCHTEMBHO OINEepPaTOPHOr0 MHOXKHUTEJS: IJIsl JII0ObIX A, B,
é ns U (AB)C = A(BC).

3 PacripesesiiresibHoe CBOACTBO OTHOCHTEJIBHO CJIOXKEHHSI ONeEPaTopoB: AJIst JIIOObIX A,
B, CuwsU (A+B)C=AC+BCuC(A+B)=CA+CB.

A

A
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HNokasareabcrso. 1. =AB — MUHeHAHBIH onepaTop, Kak c/ienyeT U3 yTBep-
xpenus 6. [losromy nast amw6oro z u3 R, (a(AB)z = (aC)x =(auneiinocts C)= C(ax) =
A(B(azx)). C npyroit croponsl, ((aA)B)z =(nuneiinocts A)= A(aBzx) = (1uHeHHOCTb
E): A(B(ax)). U3 cpaBHEHUs STUX PaBEHCTB CJeLyeT CBOHCTBO 1 .

A

2" Us OMpe/IeJIeHHs ONIePaLMK YMHOKEHHS ONIePaTopOB: IS BCeX ¥ U3 IR, uMeeM A(fl( ))x
= A((BC)x) = A(B(Cx)). C npyroii croponsl, ((AB)C)z = (AB)(Cz) = A(B(Cx)). Or-
Clofa cielyeT ClpaBelJIMBOCTb CBOMCTBA 2 .

3 . JlokaxkeM TepBoe paBeHCTBO, ©6O BTOpPOe NOKa3biBaeTcs aHaJjoruuHo. Iljisi Bcex = w3
R, ((A + B)C‘)x = (fl + B)(éx) = A(C‘x) + B(C’x) = ACz + BCz, uto u o3Hauaer
BHITIOJIHEHHE CBOHCTBA 30

GameuaHue. Ecau nepeMHOXKaeTcss HECKOJbKO ONMHAKOBBIX OIEPaToOPOB, TO s
COKpallleHUsl 3alHCH BBeleM 0003HaueHHe A-A-.. A= A" NPH YCJIOBUM, UTO TaKHUX
coMHOXKHTesed n. OueBUIHA U TaKkasl 3allMCh: A”*k’ An Ak

Onpe peneHue. Jlunelroil onepamop B nassieaemcs obpamroim K onepamopy
A, ecau BA = AB = E u o6osnavaemcs cumsosom B = A1,

YrBepxknenue 8 Ecau onepamop A e 6asuce (ey), umeem mampuyy A., mo eeo 06-
pamnuitl onepamop A~ umeem 6 mom oce 6asuce mampuyy A"

JokaszateanbcTBo. [lIo onpenenenuto obpaTHOro omnepatopa U yTBepXKIAeHHUIO 7
B.A. = A.B. = E, T. e. u3 onpejiesienusi o6patHoii matpuisl umeeM B, = AJ'. Uro u
TpeboBaIOCh 10Ka3aTh.

Yreepxkaenue 9 Jlureiinoii onepamop A umeem obpammoiii A™L, ecau eco mampuya

A, 8 nekomopom 6asuce (e,), A643eMCA HEBbIPOMOCHHOLL.

~

JlokasarteanbcTBo. Eciu B HekotopoM Gasuce (e,), marpuua A, oneparopa A
HeBBIPOXKJeHa, To 1) Kak cjeiyeT W3 paBeHCTBa (4), MaTpuua 3TOro omeparopa OymeT
HEBBIPOXKIEHHOH B JitoOOM Gasuce mpocTpaHcTBa R, 2) oHa MMeeT 0OpPaTHYIO MaTpHUILy
A-'. Ho toraa no teopeme 2 matpuile A-! GymeT COOTBETCTBOBATH JHHEHHbBIH OmepaTop,
KOTOPBLIH U sIBJISIETCS OOPATHBIM.

§5. CoOcTBeHHBbIEe 3HAYeHUS] U COOCTBEHHbIE BEKTOPbI JUHEHWHBIX
ornepaTopoB.

[Tycte M — moanpocTpaHCTBO JIMHEHHOrO MPOCTPAHCTBA R, HAJ YMCJIOBBIM moJieM K,
a A — nuHefHbIf oreparop, AEHUCTBYIOIIUHA B 3TOM JTUHEHHOM IPOCTPAHCTBE.
Onpeneanenue. [Ipocmparncmeo M na3vi8aemcs uH8APUAHMHbIM NOONPOCMPAH-
cmeom omrocumensto onepamopa A, ecau 0as awbozo x us M Ax makauce npurnadie-
acum M.
[Tpumepsl.
1) Jns AvHEHHBIX OMepaTopoB 0, E 1 nono6us BCsKoe TNOAINIPOCTPAHCTBO JIMHEHHOr O Npo-
CTPaHCTBA fIBJISIETCS MHBAPUAHTHBIM.
2) B mpocTpancTBe C[{Lb] JuHelHast o6osouka L{asint+bcost} sBaseTcss MHBaPHAHTHBIM
MOATPOCTPAHCTBOM OTHOCHTEJIbHO ornepatopa AuddepeHuupoBanus D = 0/0t.
Onpenenenune. YHucro N us nora K nasvieaemcs cobcmeerHbim 3HAUEHUEM
onepamopa A, ecau cyuwecmsyem Henyaregou asemenm v u3 R, maxod, umo

Az = Iz (5)

Hpu AMOM INEMEHM T HA3blBAEMCS. COOCMBEHHbIM BEKMOpoMm onepamopa A.
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S3ameuatue. UHorna paBeHCTBO (D) Jiydllle 3aMUChIBATh Tak:

(A—XE)z =0. (5)
YrBepxaenue 10 Ecau x, y - cobcmaentble 8eKmMopbL onepamopa A, coomgemcmay-
rouue cobcmseenHomy 3Hauenuro A\, U a,b — Kakue yeodwo uucaa u3d noan K, mo
Henyesoil sexmop ax + by (a® + b® # 0) moxce cobecmeennbiii sexmop onepamopa A c
mem e COOCMBEHHbIM 3HAUEHUEM .

JlokasaTeabcTso. A(ax + by) =(mneiinocts A)= a(Az) + b(Ay) =(popmy.a
(5))= a(\z) + b(\y) =(a.8 nuneitnoro mpoctpanctsa) = A(ax + by). Utak, A(ax + by) =
A az+Dby), T. e. cornacho (5) ax+by — cOOCTBEHHbBIA BEKTOp onepatopa A ¢ cOGCTBEHHEIM
3HaUeHHUeM .

Cnencrteue. Kawdomy cobcmsennomy sexmopy onepamopa A coomeemcmayem
00HOMEPHOE UHBAPUAHMHOE NOONPOCMPAHCIMBO OMHOCUMELLHO 0nepamopa A.

JleHCTBUTEIbHO, €C/IH & — COGCTBEHHBIE BEKTOP OMepatopa A, T0 B CHIy yTBEpPHKACHUS
10 L = {ax} — MHOXeCTBO COOGCTBEHHBIX BEKTOPOB U HYJ/eBOi 3jeMeHT 6. [loaTomy mnpu
a # 0 Alaz) = Maz) = (\a)z € L, anpu a = 0 Al = 0, T. e. L — uUHBapUaHTHOE

~

OTHOCHTEJIbHO orepatopa A MOANPOCTPaAHCTBO.

~

Jlemma 2 /{as w6020 aunelinoeo onepamopa A, Odeticmeyrouieeo 8 AUHEHOM Nnpo-
cmpancmse R,, AO = 0.

NokasateabctBo. A0 =(r. 3, r1. 3)= /1(0~x) —(nuneiinocts A)= 0 - Az =
0-y=24.

Teopema 4 Mnoacecmseo M), codepacauiee Hyresoil sremenm O u 8ce cobcmeerHole
seKkmopol, coomsemcmayroujue cobcmeennomy 3Hauenuro A onepamopa A obpasyem
UHBAPUAHMHOE OMHOCUMEAbHO onepamopa A nodnpocmparcmao.

JokaszaTenbcTBo. Ecau anemeHT y npuHangiexutr My, To
Ay = My, (6)

160, ecau y # 6, To 310 caenyet u3 (5), a ecan y = 6, To U3 JeMMmbl 2. [lanee,
a) M, — moAmpocTpPaHCTBO JUHEHHOrO MpPOCTpaHCTBa IR, Tak Kak 1) mjs Kaxkuoro z, y
us M, fl(x+y) —(uneiiHocTh onepatopa A)= Az + Ay =(dopmyna (6))= \z+ Ay =(a.8)
JIMHEHHOTo mpocTpaHeTBa) = A(z + y), T. €. & +y € M. 2) nas 106biXx U3 My U a 13
K fl(ax) =(JIMHEHHOCTh orepatopa) = aAx =(dopmyna (6))= a - Axr =(a.6) JHHEHHOrO
npocTpaHcTBa)= A(ax), T. e. ax € M.
6) M, — WHBapHaHTHOE OTHOCHUTEJILHO OlepaTopa A MOANPOCTPAHCTBO, T. €. €CU Y U3
M), Tako# 3JeMeHT, uTo fly = \y, TO Ay € M,. [elicTBUTe/BHO, A(fly) =(no dopmyse
(6))= fl()\y) = (JIMHEHHOCTDb OMepaTopa)= /\(Ay), T. e. Ay € M,.

[Ipumepsl.
1) lnst omeparopa § Kaublii d7eMeHT x # 6 SBJSETCS COOCTBEHHBIM BEKTOPOM C COG-
CTBEHHbIM 3HaueHHeM A =0 T. e. fz =0 - z.
2) Ilns onepatopa E Kaxuplil s7eMeHT x #  ABJseTcsi COGCTBEHHBIM BEKTOPOM C C00-
CTBEHHLIM 3HaueHWeM A = 1, T. e. FExr=1-z.
3) Hns omeparopa mono6usi ¢ KO3PPULUHEHTOM MON0OUsT KaxkKIblH 3JeMeHT = # 6 siBJsi-
eTcsi COOCTBEHHBIM BEKTOPOM C COOCTBEHHBIM 3HAaUeHUeM A = b, T. e. Az = br.
4) Omnepartop nosopota B V2 Ha yroa a (0 < a < 7) He MMeeT COOCTBEHHBIX BEKTOPOB,
160 M3 paBeHCTBa (D) cjenyeT KOJJIMHEAPHOCTb BEKTOPOB, a MpPH MOBOPOTE HA YTroJ «
MoJIy4arolluics BeKTop He OyIeT KOJJIMHeapeH HCXONHOMY BEKTODY.
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5) B qunefinom mpocrpancrse C7, ; oneparop D? = 9%/0t> umeeT cOGCTBEHHBIH BEKTOP
£ = sint ¢ COOGCTBEHHBIM 3HaueHHeM \ = —1, T. e. D?sint = —sin t.

6) B npoctpancTBe V3 omnepaTop A MIOBOPOTA BOKPYT HEKOTOPOH OCH, NMPOXOASLIEH uepes
HYJIeBOH 3JIeMeHT, Ha YIroJl o, UMeeT COOCTBEHHbIe BEKTOPbl — BCE€ BEKTOPbl € 3TOH OCH C
COOCTBEHHBIM 3HaueHHeM A = 1.

~

Teopema 5 Cobcmsennoie sexmopel onepamopa A, coomsemcmeyrowjue pasAutHbLM
COOCMBEHHbIM 3HAUEHUAM, AUHEUHO He3a8UCUMDL.

JokaszaTteuabcTBo. Bocnonb3dyemes: MeToqoM MateMaTHueckKoi HHAYKUKH. [IycThb
A1, A2,...,\p — pasnuHble COOCTBEHHbIE 3HAYEHHS OIepaTopa A, a €1,€2,...,6e, — COOT-
BETCTBYIOIINE UM COOCTBEHHble BEKTOPBI. 1akK Kak e; # #, TO 3TOT BEKTOp SIBJISeTCS JU-
HeliHO He3aBUCUMbIM. CJiefloBaTe/IbHO, [/ ONHOI'O BEKTOPA yTBepPKIeHHe TeopeMbl BEpPHO.
[Tyctp Teopema BepHa s k cOOCTBEHHBIX BEKTOPOB €y, €, . . ., €. [[pUCOEIUHUM y ITUM
BEKTOpPaM BEKTOp €x41 W MPEANONOKHM, UTO

e;al =0, i=1k+1. (7)

[Ipumenum k BekTopy (7) omepatop A, BOCHOJNb3yeMcsi €ro JUHEHHOCTBIO U TeM, UTO
Ae; = \je;. B utore nosyuaem, 4to

)\ieiai =4. (8)

Tenepp yMHOKHUM BeKTOp (7) Ha Apy; U BBIUTEM U3 paBeHCTBa (8):

()\Z — )\kH)eiai = 0, 1= 1, k.

Tak kak no ycnoBuio \; — A1 # 0 ¥ ey, €9, ..., € — JUHEHHO HE3aBUCHMBI 110 TIPEATOJNO-
JKeHUI0, TO MOCc/eJHee PAaBEHCTBO BO3MOXKHO TOTAA U TOJbKO Toraa, korga a' =0, ¢ = 1, k.
Ho Torna us pasencrtsa (7) B cusy TOTO, UTO e;41 # 0, caenyer, uto a** = 0. 3nauut, Bee
KO3(PPULUEHTHI THHEHHOH KOMOWHAUWH (7) paBHBI HYJIO, T. €. BEKTOPHI €1, €9, ..., CLy1 —
JIMHEHHO He3aBUCUMBI. TakuM 06pa3oM, Ha OCHOBAHWU METO[a MaTeMaTUUeCKOH UHIYKIIUU
yTBEp:KJeHHEe TeOopeMbl 10Ka3aHo.

CnenctBue. B n-mepHom ruHeliHom npocmparcmae AuHeliHobll onepamop A ne
moocem umems 6osee n COOCMBEHHbLX 8EKMOPO8 C PA3AUUHbIMU COBCMBEHHbIMU 3HAUE-
HUSMLU.

HokaszateabctBo. (Or nporusHoro). Ilycts B R, omeparop A umeer n + 1
COOCTBEHHBIX BEKTOPOB C Pa3JMYHBIMU COOCTBEHHBIMHM 3HaueHHsiIMH. Torma mo teopeme 5
yKa3aHHble COOCTBEHHBIE BEKTOPHI €1, €, . . . , €, 1 JUHEHHO He3aBUCHMBI. CJieloBaTe/bHO,
OHU WJIKM 00pasyioT 6a3uc B MPOCTPAHCTBe R, WJAW BXOASAT B 0a3uc U3 OOJblIEro 4yucja
3JIeMeHTOB. 3HAUUT, pa3MepHOCTb NMpocTpaHcTBa R, > n+ 1, YTO NPOTUBOPEUUT YCJIOBUIO
TEOpEeMBI.

Onpenenenue. YpasHenue

det(A. — AE) =0 9)

HQA3bl8AEMCA XPAKMEPUCMULECKUM YpasHeruem AuHelino2o onepamopa A, delicmsyro-
wezo 8 auneinom npocmparncmee R,, ¢ mampuuyeil A, 8 Hekomopom 6asuce (ep)y.

YrBepxkaenue 11 Xapaxmepucmuueckoe ypasuenue (9) He 3asucum om gvibopa 6a3uca
8 AUHeliHOM npocmpaxcmae.
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Hoxasarteabcrtso. [lyers (f,), — 6asuc, monydeHHbl U3 6asuca (e,), NpH
TMIOMOLIY HeBbIPOXKJEeHHOro npeobpasoBanus f = eP, 1. e. det P # 0. Torna, nockoJb-
Ky Ay = P7'A.P B cuny (3) u PEP™' = E, 1o det(A; — A\F) = det(P'A.P —
AP~1EP) =(cBoficTBa onepaunu ymHOXeHusi MaTpuu)= det P~*(A, — AE)P =(1. 5 .
4 kypca aHanutHueckod reomerpun)= det P! - det(A, — AE) - det P = det(A. — \E).
Otciona caenyet yTBepKIeHHe TEOPEMBI.

Ha Bompoc: "Kak HaliTu coOcTBeHHble 3HaYeHUs orepaTopa A" — otBer gaer cJenywoas

Teopema 6 /[1s moeo, umobol uucro A 6vir0 cobcmBeHHbIM 3HAUEHUeM Onepamopa
A, deticmsyroweco 8 auretinom npocmpancmse R, nad nosrem K, neobxodumo u 0o-
cmamouHo, umobol IMo 4uUcA0 ObLAO peuleHuem xapakmepucmuieckoeo ypasrenus (9)
onepamopa A u npunadiencano wuciogomy noawo K.

Heo6xonumocTts. [Ilyeth A — cob6cTBeHHOE 3HaueHHe oneparopa A, a x — coort-
BETCTBYIOLIHWH COOCTBEHHBIH BEKTOP ITOTO OIepaTopa, T. €. A € K U BBITIOJHEHO PAaBEHCTBO
(5'). Myctb (e,), — Gasuc B R,, a A, = ||a}||? — marpuua oneparopa A B 3TOM 6a3u-
ce. M3 pasencTsa (5') semMeHTOB MpoCTpaHCTBa [, CJENyeT paBeHCTBO WX KOOPAMHAT B
6asuce (e,),. [To popmyse (2) snement (A — AE)z umeer xoopauuathl (A, — AE)X,, a
3JeMeHT ¢ — KOOpAMHAThl — HYJIEBOH CTOJOEL, T. €. UMeeM:

(A — AE)X, = 0, (10)

T. €. TIOJNYYHJIH OJHOPOAHYIO CHCTEMY YPaBHEHMH OTHOCHTENbHO KOOpAMHAT xt, 2%, ... 2"
BeKkTOpa x B 6asuce (e,),. Cucrema (10) nmeeT HeTPUBHANBbHOE peLIEHHE TOTAA U TOJBKO
TOTHA, KOrha, KaK CjefyeT M3 CJeNCTBHUA 3 K TeopeMme 3 . | (Teopeme o 6GasucHOM
MuHOpe), det(A, — AF) = 0.

HoctatouHocTsb. [lycte A € K — pelleHre XapakKTepUCTHUUECKOTO ypaBHEHUS
(9). Ho torna cucrema (10) umeer coryiacHO cjeAcTBHIO 3 K Teopeme 3 . | HETPUBH-
anbHoe perieHue X.. A mockosbKy (10) o3HauaeT paBeHCTBO KOOPAMHAT 3J€EMEHTOB TPO-
ctpaHcTBa R, B 6asuce (e,),, TO PaBHBl U CAMH 3TH 3JIEMEHTHI, T. €. BepHO paBeHCTBO(5'),
npuueM x # . IloaToMy A — coOCTBEHHOe 3HAUeHHe orepaTopa A. Teopema nokasana.

Cnencrteue 1. Ecau xapakmepucmuueckoe ypasnenue (9) onepamopa A umeem
n pasiuuHoblx KopHel uz noia K, mo e nekomopom 6asuce (e,), mampuya onepamopa
A umeem duacornarvrolil 8u0.

HokaszateabcTBo. [Iyetb Ay, A9, ..., A\, U3 K — pasjuuHble cOOCTBEHHbIE 3Ha-
YyeHUsl omeparopa A. Ka)KILOMy Ap COOTBETCTBYeT COOCTBEHHBIH BEKTOD e,. Toraa mo teo-
peme 5 BEKTOPbI €y, €y, . . ., €, — JHHEHHO HE3AaBUCHME, T. €. 00pasyioT 6a3uc B MPOCTPaH-
ctBe R,. Ho B Takom 6a3Hce Aep A\p€p, D= 1,n, T. e. MaTpuLa A, oneparopa A nmeer
s ||,

CnenctBue 2. He kandoui suneiinvii onepamop A umeem cobecmeennoe 3naue-
Hue.

HokaszaTesabcTBo. XapaKTepUCTHUeCKOe ypaBHeHUe (9) siBaisieTcsl ypaBHEHHEM
CTeNeHHu n OTHOCHTeNbHO A. [losTomy mo ocHoBHOU Teopeme anre6pbl ypaBHeHHe (9)
BCETlla MMeeT M0 KpalHeHd Mepe OAMH KOpeHb, HO He GoJsiee m KOpHeH (CJIeICTBHE K T.
5). OnHaKoO KOpPHH 3TOr0 ypaBHEHHS MOTYT He MpPHHAJJeXaThb YUCJIOBOMY moJio K, Hal
KOTOPBIM [eHCTBYeT JIMHeHHOoe npocTpaHcTBo R,. B 3ToM cayuae onepatop A He uMeer B
npocTpaHcTBe R, cCOOCTBEHHBIX BEKTOPOB.

13 Teopembl 6 cjenyeT MeTon MOCTPOEHUS COOCTBEHHBIX 3HAYeHUH M COOCTBEHHBIX
BEKTOPOB JIHHEHHOr0 omeparopa A:

1) Pemaem xapakrepuctrdeckoe ypaBHeHHe (9). Ecan ecTb neficTBUTe/IbHBIE KOPHH, MPH-
HaJJeXallie YUCJ0BOMY Moo K, TO UMeeM COOCTBEHHBle 3HAYEHHUS Ai, Ag, ..., Ax (kK <
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2) TloacraBaisiss BMeCTO A\ 3HauyeHHe ),, HalJeHHOe B NyHKTe 1), B cuUcTeMy ypaBHeHHH
(10), naxonuM KoopauHathl x', 2% ... 2™ COGCTBEHHBIX BEKTOPOB &, COOTBETCTBYIOLIMX
COOCTBEHHOMY 3HAY€HHIO Ay, p = 1, k.

3ameuanue. OpHoponHas cucteMma ypaBHeHud (10) c ompenesnnTeseM MaTpULbl
CHUCTEMbl, PaBHBbIM HYJIO, HMeeT OeCKOHEYHO MHOTO pelleHHH, 00pasymolnX JHHEHHOe
npocTpaHcTBO. OHO fBJSIETCA UHBAPUAHTHBIM MOANPOCTPAHCTBOM OTHOCHUTEJNBHO ONepaTo-
pa A.

[Tpumep 1. Ilycts B 6asuce (e,); npocrpancTBa R3 Han moseM K palHOHaJIbHBIX
YHCeJ OmepaTop A MMeeT MaTpHILY:

2 —1 -1
A.=|0 -1 0
0 2 1

Haiit Bce cob6cTBeHHBIE BEKTOPHI onepatopa A.
PemeHue. Xapakrepuctuueckoe ypaBHeHue (9):

2—-A —1 -1
0 —1-—-2AX 0]=0.
0 2 1-A

Ero pewenusi: \y =2, Ao =1, \y =—-1€ K.
Cucrema (10):
2—=Na! =22 —23=0
—(1+Nz?=0 ,
222+ (1= N2 =0

KOTOpas NpU \; = 2 UMeeT BUL:

—22 23 =0
—32> =0 ,
202 — 23 =0

Ee ®CP:

Taxkum o6pa3om, Bce MHOXKECTBO COOCTBEHHBIX BEKTOPOB, COOTBETCTBYIOIIUX COOCTBEHHO-
My 3HaueHHt0 A = 2, ecTb X; = ¢Y, rie ¢ € K, Ho ¢ # 0.

[Tpu \p = 1:
a2t =22 —23=0
202 =0 =
222 =0
1
OCP: Yo =] 0 |. CobcrBeHHble BeKTOPbl: Xy = cYs, e ¢ € K, ¢ # 0.
1
[Tpu A3 = —1:
Jat — 2?2 — 23 =0 N
202 + 223 =0
0
DPCP: Y3 = 1 |. CobcTBennble BekTophl: X3 = ¢Y3, rme ¢ € K, ¢ # 0.
-1
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[Tpumep 2. Ilycts B 6a3AHce (ep)2 MUHEHHOro mpoctpaHcTBa Ry Han mnojeMm K pa-
[IMOHAJIbHBIX YHCeJ ornepaTop A WMeeT MaTpHUIly

A — -1 2

=(51)

Ha#iTu Bce coOCTBeHHBIE BEKTOPBI A.

—1-A 2
31—\

0= Ao = +/7 ¢ K. 3HauuT, HEeT COOCTBEHHBIX 3HAUEHHWH U COOCTBEHHBIX BEKTOPOB Y

omeparopa A.

GameuyaHnue. Ecau 66l B npumepe 2 K = Ky, To HalileHHble 3HaUeHHs A ObLIU Obl
COOCTBEHHBIMH 3HAYEHUSIMH, U 0 aHAJOTHU C MpUMepoM 1 MOXKHO OblIO Obl HAWTH BCe
cOGCTBEHHBIE BEKTOPHI Orepatopa A.

[Tpumep 3. Ilyctb B 6asuce (e,); JUHeHHOro nmpoctpancTsa R3 Han mosem K pa-
L[MOHAMbHBIX YHCe/T JMHEHHBI omepaTop A MMeeT MaTpHILy

Pemenue. Xapakrepuctuueckoe ypaBHeHHe(9): =0=> N -7=

-1 -2 =2
A= 0O 1 0
0o 0 1

HaiiTu Bce co6cTBeHHbBIE BEKTOpPHI orepartopa A.
Pemenue. Xapakrepuctuueckoe ypaBHeHue (9):

—1-Xx -2 =2
01—\ 0|=0=—(1+A)(1-)?*=0,
0 01—\

T. €. COOCTBeHHBIe 3HaueHus1 \; = —1, \y3 =1 € K. Cucrema (10):

—(1+ Nzt — 222 — 223 =0

(1-XNz?2=0
(1—=Nz*=0
npu A\; = —1 UMeeT BUA:
—222 - 223 =0 1
202 =0 = OCP: Vi =| 0
223 =0 0

[TosTomy Bce coOCTBeHHble BEKTOPBI, COOTBETCTBYIOLIME COOCTBEHHOMY 3HAueHWI0 —1,
3ajatTrcsl JUHeHHOH KoMmOuHauued X = cYij, rme ¢ € K, ¢ # 0. Ilpu Ao 3 = 1 cucrema
(10) umeer BuA:

'+ 2%+ 2° =0,
Panr matpuubl 3T0d cucteMmbl paBeH l. [loaToMy pasmepHOCTb MpoOCTpaHCTBA pelleHHi
n—r=3—1=2. 3nauutr @PCP coCTOUT M3 ABYX JHHEHHO HE3ABUCUMBIX PelLIeHHH:

—1 ~1
i=( 1], Ya=| 0
0 1

[To3TOMYy MHOXKECTBO BCeX COOCTBEHHBIX BEKTOPOB, COOTBETCTBYIOIIMX COOCTBEHHOMY 3Ha-
yeHu1o 1, 3aga0Tcs JMHeHHOH KoMOuHauued X = aY; + bYs, rme a®> +b> #0, a,b, € K.
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[Ipumep 4. Petunuth 3agauy aHaJOrMuHyi0 NPUMeEpPYy 3, HO AJS1 MATPHUIbI

2 -1 0
A=0 1 =1
0 1 3

Pe e Hue. 3nech xapakrepucTuueckoe ypasHenue (9) umeer Bum: (2— \)(A\2 — 4\ +
4)=0= (2—X)? =0, 1. e. omepatop A UMeeT eIMHCTBEHHOE COGCTBEHHOE 3HAUEHHUE
A = 2 KpatHocTH 3. B 3ToM cayyae cuctema (10) npunumaer Bunp: x2 = 0, 23 + 22 = 0.
Panr marpuubl 3Toil cuctembl paBeH 2. [loaToMy pas3mMepHOCTb TMPOCTPAHCTBA pellleHHH

1
paBHa 3 —2 =1, 1. e. ®CP cocroutr u3 ogHoro pemeHuss Y3y = | 0 | = MHOXKeCTBO
0
BCeX COGCTBEHHBIX BEKTOPOB Omepatopa A, COOTBETCTBYIOLUIMX COGCTBEHHOMY 3HAUEHHIO
2, umeet Bun: X =cYy, c€ K, ¢ #0.

Gameuanue. 1) Ecau co6cTBeHHOE 3HaYeHHe A\ — MPOCTOM, T. €. He KpaTHBIH, KO-
peHb ypaBHeHHSs (9), TO COOTBETCTBYIOIlee eMy HHBAPUAHTHOE OTHOCHUTEJBLHO OIepaTopa
A moanpoctpanctBo — onHoMepHo. ITocsenHue UrpaloT QyHAAMEHTANbHYIO POJb B MPH-
JIO)KEHUSIX U UMEHYIOTCSl XapaKTepUCTUYeCKUMH HaIpPaBJIEHUSIMH.

2) Ecaiu co6CTBEHHOE 3HaueHWe A — KOpeHb KPaTHOCTH p XapaKTePUCTUYECKOrO ypaBHe-
Hust (9), TO COOTBETCTBYHOIlEe eMy WHBAapDHAHTHOE MOANPOCTPAHCTBO MOXKET MMeTb pas-
MepHocTb k oT 1 no p (cM. mpumepst 3, 4).

[Tpumep 5. [lycTh TPU eNMHUYHBIX MacChl MOABENIEHb Ha MpyXKHHAX ¢ Ko3hdu-
LIMEeHTaMH YTPYTOCTH (1, C2, C3. BBHIYUCAUTD OCHOBHBIE YacTOThl KOJeOaHUH CHUCTEMBI 1Jis
cayyasi, Korja c; =8, ¢ = 3, ¢z = 11.

Peuenue. Eciu 0603HauUnUTh CUJMbI, NeHCTBYIOLIME HA MacChl ye-
pe3 K,, a OTKJOHEHHS OT IOJIOKEHHS PaBHOBeCHs 4epe3 v, TO IO
BTOpPOMY 3aKoHY HbloTOHa mosiyyaem ypaBHEHHS JBHXKEHHS:

S
VR

_yi/ = Kl — K2 = C1Y1 — 02(y2 - y1)7
—yh = Ky — K3 = c2(y2 — y1) — c3(ys — v2), C2

—ys = K3 = c3(ys — y2).
2

Pemenune HOJIyT-II/IBLHeI'/JICH CHUCTEMBI MIIEM B BHIE: Yp = Tp sin wt. TOI‘,U,a

2\

[1ocCJ1€ MOACTAaHOBKHU TIpeAIIoJgaraeMoro peiueHrnsa B CUCTEMY ypaBHEHI/Iﬁ, €3
[NOJIyUYHUM: 0 3
Ax = Az, (11)
roe A = w? x = ||zP|]?,
1+ Co —Co 0 11 -3 0
A= —C9 Co+Cc3 —cCs3 = -3 14 —11
0 —C3 C3 0 —11 11

Takum o6pa3oM, Mbl MPHUIILJIK K 3ajaue Ha COOCTBEHHble 3HAUeHHsl. XapaKTepUCTHUECKOe
ypaBHeHue (9):

Cl+02—>\ —Ca 0 11— X -3 0
det(A — )\E) = —C9 Co + C3 — A —C3 = -3 14—\ —11 = 0,
0 —c3 e — A 0 ~11 11—

T. e. A2 — 3602 4299\ — 264 = 0 = A\ = 1,\y = 11, \3 = 24. MtaK, OCHOBHbIE YaCTOTHI
HalmeHBl. AT0 wi = 1, wy = V11, wsy = 2v/6. Pemas cucremy (11) mns Kaxzuoro co6-
CTBEHHOrO 3Ha4YeHHsi, HalJeM COOTBETCTBYIOIIHE COOCTBEHHBIE BEKTOPBI (C TOYHOCTBIO 10
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YUCJIOBOTO MHOXKHTEJSI, HE PABHOTO HYJIIO):

3 11 3
Xi=110 |, Xo= 0|, Xs=| —-13 |,
11 -3 11

KOOPJAMHATBl KOTOPbIX — OTHOLIEHWS] aMIJIUTYA KoJeOaHHUs Macc, COOTBETCTBYIOLIMX AaH-
HOM OCHOBHOM 4acToTe.

[Tpumep 6. IlpoTskeHHas U30TpoNHas cpena rnoiBepKeHa aeopMallu, NP KOTO-
poll efUHUYHBINA Ky ¢ peGpamu

1 0 0
€1 = 0 , €2 = 1 , €3 = 0 )
0 0 1

NepexoquT B MepeJjiesienunes; ¢ pedbpaMu

1,5 0,5 0,5
flz 0,5 ’ f2: 1 ) f3: 0
0,5 0 1

KakoBbl ry1aBHble OCcH AedopMaluM, T. €. HaNpaBJ/eHHUS, KOTOPble COXPAHSITCH NpH Je-
dhopmanuu?
Pewenune. [lepopmanus onucbBaeTcs: CHMMETPUUHON MaTpHLEeN

1,5 0,5 0,5
A=l05 1 0],
0,5 0 1

IJ1S1 KOTOPOH Aey, = f, k= 1,2,3. CiefoBaTeJbHO, yKa3aHHasi neopMalusi — JUHEHHBIH
omepatop A, a HCKOMble HATpPaBJeHHs — COOCTBEHHbIE BEKTOPbI STOFO OMEPaTopa, TOUHee
ero WHBapHaHTHble MOAMpocTpaHcTBa. Matpuia A, — Marpulia omepatopa A B Gasuce
(e,)3. Ero xapakrepuctuueckoe ypasrenue (9): —A3+3, 502 —3, 5 +1 = 0 uMeeT pelieHus:
A1 =0,5, Ao =1, A3 = 2. OTBeyawive UM COOCTBEHHBIE BEKTOPBI:

-1 0 2
Xi=c- 11, Xo=c¢- 1], Xg=c-| 1|, ce Ky, c#£0.
1 -1 1

OTMeTUM MomapHy OpPTOrOHAJbHOCTb COOCTBEHHBIX BEKTOPOB, COOTBETCTBYIOLIMX pas-
Ty _ _
JIMYHBIM COOCTBEHHBIM 3HaueHusM, T. e. X ) X =0, p,k=1,2,3, p # k.

§6. CummMeTpuuHBIA (CaMOCOTPSIKEHHBIN) JUHEUHBIA OINEpaTop B

KOHE€YHOMEPHOM €BKJHUIOBOM ITPOCTPAHCTBE.

PaccMoTpuM JMHelHble omepaTopbl, A€HCTBYIOLIME B €BKJWAOBOM MPOCTpaHCTBe [,.
[ToaTomy 3nmech uncaoBoe none K = K.

Onpeneanenue. Jlunetinol onepamop A, deticmeyrouwjuil 6 npocmparcmse E,,
HQA3blBACMCA CUMMEMPUUHbIM, eCAU OAs 8cex x, Yy u3 F, 8blnoAHAemMCs paBeHcmeso:

(Az,y) = (z, Ay). (12)

Onpenenenue. Mampuya A nasvieaemcs cummempuurotl, ecau A = AT, m. e.
p_ ok _
a = ay, p,k=1,n.
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YrBepxkaenue 12 Mampuya cummempuuro2o onepamopa A 8 OpmMOHOPMUPOBAHHOM
basuce cummempuina.

JNlokaszarteabctso. [lycts (e,), — OpTOHOPMHPOBaHHBIH 6a3uc, a A, = ||a}||r —
matpuia oneparopa A B sToM Gasuce. ITo dopmyie (1) Ae, = ezal. Tostomy (Ae,,e;) =
a’;A(ek,el-) =(M3 OpPTOHOPMHUPOBAHHOCTH 6a3Hca)A: a’; r = a,. C Ipyro# CTOpoHBI, a, =
(Aey, e;) =(cummerpuuHocTh omepatopa)=(e,, Ae;) = (e,, exal) = (e,, e)ak = (oproro-

HaJIbHOCTh Gasuca) = drak = af.

YrBepkaenue 13 Onepamop A cummempuuer, ecau 8 HEKOMOPOM OPMOHOPMUPOBAH-
Hom 6asuce (e,), umeem cummempuunyto mampuyy, m. e. A, = A~

HokaszaTenabcTtso. Kak cienyer us paBeHctsa (3) ri1. 4, cKaJsipHOe NpOU3Bele-
HHe JIIOOBIX BYX 3JIEMEHTOB B OPTOHOPMHPOBAHHOM 0a3uce paBHSIETCS CyMMe MPOU3Bele-
HHIl COOTBETCTBYIOLIMX KOOPAHHAT MEPEMHOXKAEMbIX 3JeMeHTOB. Tak Kak sqeMeHT Az B
cuay (2) uMmeer KoopauHaTe A.X,, a 3/eMeHT y — KoopauHaThl Yy, T0 (Ax,y) =(dpopmyna
(3) r. 4)= (A.X.)"Y. =(reopema 4 r1. 4 Kypca aHanuTHUeCKOH reomerpun)= X ATY, =
(cummerpuunocth Matpuubl A.) = XTA.Y,. C npyroit croponsi, (z, Ay) = (dbopmyaa (3)
ri. 4)= XTA,Y,. I3 stux 1ByX paBeHCTB caenyeT, uto (Ax,y) = (z, Ay).

YrBepxaenue 14 Cummempuuroiii onepamop A, deiicmsyroujuti 8 npocmparcmee E,,
ABNACMC CUMMEMPUUHBIM 8 AH0OOM UHBAPUAHMHOM OMHOCUMeNbHO onepamopa A noo-
npocmparcse My, (k < n) npocmparncmea E,.

JokasaTeJabcTso. [lockonbky My — WHBapHAHTHOE OTHOCHUTEJBLHO OTepaTopa
A ToOATPOCTPAHCTBO, TO MJIsI Kaxnoro x us My Ax € M. A tak Kak ajs JoObX T, y W3
E,, BeimosHsietcst (12), To, B 4aCTHOCTH, AJs Bcex x, y U3 M) Tak e umeer mecto (12).

Teopema 7 Bce KopHu xapakmepucmuuecko20 YypagHeHus CUMMempuiHoco onepamopa
— OdeticmaumenvHole “YUCAQ.

JlokaszaTeabcTso. (0T mporusHOro). [lycTs A — cuMMeTpUUHBIH onepatop, fei-
cTBylowuit B £, a (e,),, — OPTOHOPMHUPOBaHHBIN 6a3uc B E,,. Torna no yrBepxaeHumo 12
A. = AT Tlyctb cyluecTByeT KOMIUIEKCHOE YHCI0 A = a+ib Takoe, uto det(A,—AE) = 0.
Torna cucrema (10) ecTb KBampaTHast cUcTeMa ONHOPOAHBIX JIMHEHHBIX YpaBHEHUH C Mart-
puued A, — AE, onpenesneHHo# Ha 4yucaoBoM mnoje K = C' — moJsie BCeX KOMIIJIEKCHBIX
unces. [Ipy BBeneHUM YMCJIOBBIX MaTpHll (TJ1. 1) ¥ pellleHHM CHUCTEM JIMHEHHBIX ypaBHe-
HUH (r1. 1 ¥ 3) Mbl O/IB30BAIUCh NTPOU3BOJIBHBIM YHCJI0BBIM TosieM K. [loatomy Bce, uTo
OblJIO B 3THX IV1aBaX MOJY4YeHO, CIpaBelUBO W AJjs yucgaosoro nojs C. CaenoBaresb-
Ho, cucrtema (10) umeer HeHyseBoe pemieHne X, = ||aP||™ Torma W ToJBKO TOrna, Koraa
KOTJla OMpefesuTe b MAaTPUIBl 3TOH CHUCTeMbl paBeH HyJ0. Ho y Hac 3To ycsoBue, Kak
OTMeYaJioch BbIllle, BHIIOJHEHO. 3HAYUT, UMeeM pelteHue: X, = B+iC = ||bP||" +i||c?||",
npuueM X, # 6 + 16, rne § — HyneBo# crosbel BbicoThl n. [logcTaBUM 3TO pelleHue C
COOTBETCTBYIOUIUM 3HaueHHeM A = a + ib B cuctemy (10). B urore mosyuum maTpuuHOe
ToxkaecTBo: A.(B+iC) = (a+1ib)(B+1iC) unu, npupaBHUBast OTAEJBHO JeHCTBUTE/bHYIO
M OTHENbHO MHUMYIO YaCTH 3TOTO TOXKIECTBA, HaHIeM, 4TO

A,B =aB —1C, (13)
A.C =bB —aC. (14)

. pT T T
[IpuMeHuB omnepaiyio TpaHCnoHUpoBaHust K paseHcTBy (13), moayunm: BTAT = aBT —
bCT. Tak kak AT = A, TO OKOHUATENBHO

BT A, = aB" —bC7”. (15)
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YmHoxuM paBeHctBo (15) Ha marpuumy C' cnpasa, a paeHctBo (14) Ha marpuuy BT
cJIeBa ¥ M3 BTOPOro paBeHCTBa BbiuTeM mepsoe: § = b(BTB + CTC), uro B KoopauHarax
3anuiueTcs Tak:

bS (B2 + (M)?) = 0. (16)
k=1

Tak kak X, # 0+i0, To cpenu uncen b* u c* umerorcs umcsa, otnuynele ot 0, T. e. cymMMa,

crositiast B paBeHcTBoe (16) orTnuuna ot HyJas. [Tostomy us (16) cienyert, uyto b = 0, 4To
MPOTHBOPEUUT MPEATIONOKEHUIO O TOM, UYTO A = @ + ib — KOMIJIEKCHOE UHUCJIO.
Sameuatue. Teopema 7, Kak cjenyer U3 yTBepKaeHus 14, cnpaBensinBa B Kaxa0M
HHBAPHAHTHOM OTHOCHTEbHO CHMMETPHUYHOro omepatopa A mogmpoctpanctse M.
CanencrtBue. Onepamop A cummempuunvii 8 E, 6cecda umeem cobcmeerble
8eKMOpboL.

Teopema 8 Ecau x — cobcmesennoili sexmop cummempuuroco onepamopa A e E,, mo
COBOKYNHOCMb 8CEX BEKMOPO8 Y, OPMOSOHANbHLLY BEKMOPY X, 00pasyem uH8apuaHmroe
omrocumeavHo onepamopa A noonpocmparncmeo M,,_;.

JokaszateanbcTBo. Tak kKak £ — cOOCTBEHHbIH BEKTOp OnepaTopa A, 0, KaK cie-
LyeT U3 CJeACTBHA K yTBepkKaeHHo 10, nuHeliHas obonouka L(x) = {ax,a € (—oo, +00)}
— OJHOMEpHOe HHBAapUaHTHOE OTHOCHUTEJbHO OIepaTopa MOANPOCTPAHCTBO JIMHEHHOTO
npoctpanctea F,,. Ho torna coBokynHocTb M BceX 3JeMeHTOB y U3 F,, OPTOroHa/JbHBIX
K 3JIEMEHTY &, — OPTOrOHaJbHOE NOMoJHeHHe noanpoctpaHcTsa L(x). CiaenoBaresibHoO, 10
Teopeme 3 1. 4 M — NOANPOCTPAHCTBO JIMHEHHOrO MPOCTPAHCTBA E), pasmMepHoCTH n— 1.
Ocrasoch Mokasarb, YTO OHO HHBAPHAHTHO OTHOCHTEJIBHO OMepaTopa A 1.e ectuny e M,
to u Ay € M. JleficTBUTEIbHO, (Ay, ) — (cummerpuunocts A)= (y, Az) =(z— co6-

cTBeHHbIi BekTop A)= (y, A\z) =(a. 3 1 CcKaJApHOro mpoussenenus)= A(z,y) =(y € M
— OPTOTOHAJILHOMY JOTIOJHEHUIO K L( )= 0, 1. e. Ay oproronansHo K z, T. e. Ay € M.

Teopema 9 /[1sa moeo, umobol aunelinoili onepamop A b6vin cummempuier, Heobxo0umo
u docmamouro, umobe. 8 E, cyuecmeosar opmornopmuposartelii basuc us cobcmeser-
HbLX 8eKmopos onepamopa A.

JlokasaTeabcTBO. Heo6xopguMocTh. Tak Kak A — CUMMEeTPHUUHBIH Ore-
patop, TO B CHJy CJEICTBUSl K TeopeMe 7 CYLIECTBYeT COOCTBEHHBIH BEKTOp 3TOrO olle-
patopa X;. Torna nognpoctpaHcTBo M,,_1 BEKTOPOB, OPTOTOHAJ/bHBIX X1, KaK CJeLyeT W3
TeopeMbl 8, siBJsieTCsl MHBapUaHTHBIM. CijleoBaTe/ibHO, K 3TOMY MOANPOCTPAHCTBY, Kak
yTBepXKIaeT 3aMeyaHHWe K TeopeMe 7/, CHOBa NpHMeHHMa Teopema 7. [losatomy B M,
CYLIECTBYET COOCTBEHHBIH BEKTOP 3TOTO OINepaTtopa — o, NMPUUYEM Xy OPTOTOHAJEH xq
(Bemb x9 € M, 1, a M,_; OpTOTOHANBHO x1). PacCMOTPUM MHOXKECTBO BCeX BEKTOPOB
U3 M,,_1, OPTOroHa/NbHBIX K Z2. [lo Teopeme 8 3TO MHOXKeCTBO eCTh MHBAPUAHTHOE IOJ-
mpocTpaHcTBO M, 5 OTHOCHTe/NbHO omepatopa A. CienoBatenbHo, B M,_y CyIIeCTBYeT
Mo TeopeMe 7 COOCTBEHHBIH BEKTOP orepaTopa A — x3, IIpHYEM I3 OPTOTOHANEH K &1,
x9. Ilpomo/mkas 3ToT mpolecc najee MOAYYUM 7 OPTOTOHANBHBIX APYT APYTY BEKTOPOB
T1,%9,...,T,. Kak NnokazaHo B JieMMe | Ii. 4 OpTOrOHa/bHblE BEKTOPBl JMHEHHO He3a-
BUCHMBL. [[03TOMy 7 mOCTpoeHHBIX BeKTOpPOB 00pasyioT 6asuc B FE,. Hopmupys ux, T. e.
nonarasi e, = x,/|r,|, p = 1,n, Mony4nuM OpTOHOPMHPOBAHHBIH GasuC, COCTOSIINH, Kak
caenyet u3 yrBepxkaeHus 10, u3 co6CTBEHHBIX BEKTOPOB.

HocratounocTs. [Iycts (e,), — OPTOHOPMUPOBAaHHBIH 6a3uc B [, U3 cOOCTBEH-
HBIX BEKTOPOB oOIleparopa A, COOTBETCTBYIOILUX COOCTBEHHBIM 3HAUEHHUSIM A1, Ag, ..., A,
(coGcTBeHHbIE 3HAYEHHS ¢ PA3HBIMH MHJEKCaMH MOTYT COBNaaath). Kak cneﬂyeT us ¢op-
myabl (1) smementsr MaTpuiel A, onepatopa A B gaHHOM Gasvce MMEIOT BHI: ak = Ao,
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T. e. MaTpuua A, — nuaronanbHas. CaemosatenbHo A, = AT, Tlostomy, B cujy yTBep-
X)aeHusa 13, onepatop A cuMMeTpHUUeH.

A

YrBepxkaenue 15 CobcmeenHoble 8eKkmopobl cummempuuroeo onepamopa A, coomeem-
cmeyrouiue pasiuuHolm COOCMBEeHHbIM 3HAUEHUAM, OPMOSOHALbHbL MexHc Oy cobOL.

JlokasaTeJsabcTBo. [lycTb COGCTBEHHBIH BEKTOP X1 COOTBETCTBYET COOCTBEHHOMY
3HAUYEHHIO Aj, a COOCTBEHHBIH BEKTOP To — A9, (A1 # A2), T. €. Axy = A\ v Axg = Aoxs.
Tak xak A — cuMMeTpu4HBIH onepatop, To (Axy, xo) = (v1, Axe) Uau TaKk: (A\xq,22) =

[0}

(21, \o2) MJIK TIOCJIe TIPUMEHEHHUsI a.3 CKaJsIPHOTO MPOU3BeleHUsT A (Z1, o) = Ao(x1, T2)
il (A; — A2) (1, x2) = 0. Tak Kak A\ # g, T0 (21, 25) = 0. UTo u TpeboBanoch n0Ka3aTb.

B npu/IoKeHHsIX 4acTo MPUXOAUTCS CTAJKHBATbCS C 3aJaded BHIA: HAUTH MHOMXKECTBO
BCEX 3JIEMEHTOB & U3 F,,, yIOBJETBOPSIIOIINX PABEHCTBY

Ar = Ar + b, (17)

A

rie A — CUMMeTpHUYHBIH omepaTop, AeHCTBYWIUH B E,, b — (UKCUPOBAHHBIA 3J€MEHT
NPOCTPaHCTBA [y,.

Pemenuwue. I[lycrs (e,), — 6asuc B E,,, B KOTOPOM ONepaTop A umeer marpuiy A,
3JeMeHTHl x, b — KoopauHatel X., B.. Torna B cuny dopmyssl (1¥) U eIMHCTBEHHOCTH
pasJjoxkeHHs Mo 6asucy, nosydyaeM 4To paBeHCTBO (17) paBHOCHJIBHO C/eAyIOLIeH CHCTeMe
JINHEUHBIX YPaBHEHUH:

(A. — A\E) X, = B.. (18)

[To anbrepHatuBe Ppenrosbma cuctema (18) WM HMeeT eTUHCTBEHHOE pelleHHe MJis
Jroooro cronbua B, Npu YCJI0BUH, YTO COOTBETCTBYIOLLAS OJHOPOAHAS CUCTeMa YPaBHEHHUH

(A, — A\E)X, =0 (19)

MMeeT TOJIbKO TPHUBHA/NbHOE pellleHHe, UTO BO3MOXKHO, ecau det(A. — AE) # 0, T. e.
A He sBJisleTcs COOCTBEHHBIM 3HayeHHeM orepartopa A, WM COBMeCTHa, ec/iu CTOMGeLL
B. opToroHa/ieH NpOCTPAHCTBY pELIEHUH COOTBETCTBYIOLLEH CONPSI2KEHHOM OLHOPOAHOH
CHCTeMbl ypaBHEHHH, MpU yCJOBHH, uTO cucteMa (19) uMeeT HeTpHUBHAJIbHOE peLIEHHE.
[TocnienHee Bo3aMoxHO, ecin det(A.—AE) = 0, T. e. A — coOCTBEHHOe 3HaUeHHe orepaTopa
A. Tak Kax /51 cumMmeTpuuHoro omepatopa A, = AT, To conpsiKeHHas CHCTeMa COBNAfaeT
¢ cuctemoit (19), pemeHust KOTOPOH B 3TOM Cjyyae JaeT BCe MHOXKECTBO COOCTBEHHBIX
BEKTOPOB OllepaTopa A, COOTBETCTBYIOLLMX AaHHOMY COOCTBEHHOMY 3HaueHHI0 \. [loatomy
B JIaHHOM CJy4ae asnbrepHaTuBa Ppenrosbma UMeeT BUM:
1) WM A He sBJsieTCSt COGCTBEHHBIM 3HaueHHeM orepatopa A, u torna ypasuenue (17)
MMeeT €UHCTBEHHOE pelleHHe = NpH J00M BbiOOpe asneMeHTa b U3 E,;
2) WK A — COGCTBEHHOE 3HAaUeHHe omepatopa A, u Torna ypasHenue (17) HMeeT pelreHHe
TOTJA U TOJIbKO TOT/a, KOTAA 3JeMeHT b OPTOroHa/eH K COOCTBEHHBIM BEKTOpPaM OlepaTopa
A, COOTBETCTBYIOLIMM JaHHOMY COGCTBEHHOMY 3HAUEHHUIO.

drta TeopeMa JIeTKO PaClIpOCTPaHSETCs Ha cjaydad MPOU3BOJIBHOIO JIMHEHHOTrO omepa-
Topa A, ecilii BBECTH ellle OHO MOHSTHE.

Onpenenenue. Onepamop A*, Oelicmsyiowuii 8 e8KkALOOBOM NPOCMPAHCMEE
E,, HQ36l80eMCs CONPANEHHbIM K AUHEHOMY onepamopy A, ecau Ois aw06bix x, y U3
E,, svinoansemcs coomrowenue:

(Az,y) = (z, A"y). (20)

€p)n -
YrBepxaenue 16 Lcau 6 opmonopmuposarnrom 6asuce (ey), onepamop A umeem mam
puuy A., mo emy conpancennniil onepamop A* umeem mampuyy A* = AT
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Hoxasarteanbcrtso. Tak Kaxk (e,),, — OPTOHOPMUPOBAHHBIH 6asHc, TO MO GopMyJe
(3) ra. 4 (Az,y) = (Ae, X.)TY, =(treopema 4 ri. 4, Kypca aHAaJTUTHUYECKOH FeOMEeTPHH)=
XTATY, u (z,A*y) = XTA*Y.. Ho torna us pasenctsa (20) caenyer, uto XX ATY, =
XTATY, = Ar = AT

YrBepxaenue 17 Cobcmesennovie 3nauerus onepamopos A u A* cosnadarom.

NokaszaTtesnbcTBo. Xapakrepuctiiyeckue ypaBHeHHs (9) /s 9TUX OMepaTopoB

MMEIOT BHI:
det(A, —AE) =0 wu det(Al —\E) =0.

Ho det(AT—\E) = det(A.—\E)T =(1 cBoficTBo onpepenuteseit n-ro nopsaka)= det(A.—
AE). CrenoBate/ibHO, XapaKTePUCTHUECKHE YPABHEHHsI 3THX OIMEPaTOPOB COBMAAIOT, UTO
M O3HauaeT COBIAJeHHe COOCTBEHHBIX 3HAUYEHHUH.

CoOCTBeHHBIE K€ BEKTOPbl Y 3THX ONEPaToOpoB OYAYT PA3JHUHBI, TaK KakK OMpepess-
J0TCS Pa3MUYHBIMU CHCTEMaMu: s onepatopa A — cucrema (19), a qns A* — cucrema:

(AT —\E)X. = 0. (21)

Tak Kak [/ IPOU3BOJBHOTO OmepaTtopa, Boobuie ropopsi, A, # AL, To conpsikennas ox-

HOpOJIHAsl CHCTeMa ypaBHEeHHUH, cooTBeTCTBYyIOLIas cucteMe (18), yxe He OymeT coBmagath
¢ cucremoit (19). dto cucrema (21). Mrak, B obuiem ciaydae anbrepHaTHBa Ppenrosbma
MOXeT ObITh COPMYJIMPOBaHa CJAEAYIOLIUM 00pa3oM:

1) uau A\ He siBsisieTCsl COOCTBEHHBIM 3HaYeHHWEM OTlepaTopa A, u Torna ypaBHenue (17)
UMeeT eIUHCTBEHHOE pellleHHe T MpH J10oM Beibope 3jaeMeHTa b u3 F,;

2) WM A — COGCTBEHHOe 3HaueHHe orepatopa A, u Torna ypastenue (17) HMeeT pelreHue
TOT/la U TOJIbKO TOTAA, KOTJA 3JeMeHT b OPTOroHaJieH K COOCTBEHHBIM BEKTOpaM orepaTopa
A*, COOTBETCTBYIOIIMM 1aHHOMY COGCTBEHHOMY 3HAYeHHIO.

Onpeneanenue. Jluneinoili onepamop Q, Oeticmsyrowuli 8 e8KAUO080M NPOCMPAH-
cmee E, Ha3vieaemcs opmoeoHanrvHoim, ecau 0 awboix x, y uid E soinoansemcs
paserncmeo:

N ~

(Qr,Qy) = (z,y). (22)

Orcropa HemocpenCcTBEHHO CJIENYeT, YTO e€CaH (€,), — OPTOHOPMHPOBAHHBIH 6asHc B
E, 10 (Qep), — TaKxKe OPTOHOPMHUPOBaHHBIN 6asuc B .

YrBepxkaenue 18 B 1robom opmoropmuposarrom basuce (e,), mampuya Q. opmoeo-
Haabro20 onepamopa () A6A1emcs OpMO20HANbHOU Mampuyed.

HoxasarteanbctBo. Ecau (e,), — OpTOHOPMHPOBaHHBIH 6asuc, TO Mo (Gopmyse

(3) ra. 4 (Q,Qy) = (QX)Q.Y. = XIQTQ.Y. = XI(QTQ.)Y. u (x,y) = X!V, Torza
B cuaty (22) QT Q. = E, uro o3Hauaert, 4To (), — OPTOHOPMUPOBAHHAS MATPHUIIA.

Teopema 10 /[1a moco umobol aunetinoiil onepamop () 6oin opmocorarer, Heobxooumo
u docmamouro, umobol cyuecmsosar onepamop Q' u 6bLI0 BbLNOAHEHO PABEHCMBO
A A1

Q =0, (23)

~

ede Q¥ — onepamop, conpsaiceHHolll K a Q' — onepamop, obpamrulii k Q).

Hoxkasarteabcrtso. [lycts (e,), — OpTOHOPMHPOBaHHHIH 6asuc B E,, B KOTO-
pom omepatop () umeer marpuuy Q.. Torna Qr = QT, u paseHctBo (23) paBHOCHJILHO
paBenctBy QI = Q-', koropoe cosmamaer ¢ (13) ro. 4. Kak caenyer us teopem 1, 2
MPOCTPAHCTBO ONEPaTOPOB M30MOP(HO MPOCTPAHCTBY n X m-Matpul. Ho B mpocTpaHcTBe
n X n-MaTpul 3Ta TeopeMa nokaszaHa. CjenoBaTe/IbHO, YTBEPXKIEHHE TeOpeMbl BEPHO U B
MPOCTPaHCTBE OMNEPaTOPOB.
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I'n. 6. KBagpatuunsbie (popmblI.

B sTo#i rmaBe 6yneM paccmaTpuBath noje Ky — mnoJje Bcex NeHCTBUTEJbHBIX YHUCEJ.

§1. O6mue nouaTus.

Onpeneanenue. Keadpamuunoti ¢popmoil Ha3vi8aemcs QYHKYUL 1 NEPEMEHHBLY
ab2? . 2" us Ky euda

p(xt, 2%, ... 2") = agaz®, pk=Tn (1)

ede ay, € Ko, npuuem ay, = ayp, m. e. mampuya Keaopamuuroti gopmor A = ||apk||nn
ecmy CUMMEeMpPUUHAs MAMpPUyQ.

Mpumep. ¢(at, 22 2%) = dor'a? — 2%2% — 62 23 + 22323 + 22%23. Tak kak y kBan-
paTuuHOR (GOPMBI @y, = akp, TO BCE CMELIAHHbIE MPOU3BEIEHHs HAl0 pasOHTb Ha CyMMY
IBYX paBHbIX caaraembix. Hanpumep: 4z'z? = 2z'2? + 2%z, B urore nosyuum matpuily
KBaJpPaTUYHOH (DOPMBI:

0 2 =3
A= 2 -1 1
-3 1 2

3aMeuaHHue. BeimuceiBasg MaTpuily KBapaTUYHOH (hOPMEI, He 3a0bIBaiiTe, UTO CMe-
LIaHHBIEe YJIeHbl B Hell 6epyTcsl yIBOEHHBIMH.

OueBuzHO, 4yTO MaTpula A OIHO3HAYHO ONpelessieT KBaApaTHIHYy0 GopMy.

B bl B 0 A: BCAKOH KBafpaTHUYHOH (hopMe COOTBETCTBYET eUHCTBEHHAas CHUMMeTpHUUHAas
matpuua A nopsiika n; o6paTHO: eCcaM ecTb CUMMeTpUYHas MaTpuua A mnopsiika n, TO Mbl
MOXKEM HamucaTh KBaApaTHUHYIO GopMy ¢ MaTpuLed A.

KBanparnunyio ¢opmy (1) MOxKHO 3amucaTh B MaTpU4yHOH (hopMe, eCid BBECTH, Kak
00bI4HO, 0603Hadenus: X = ||z*¥||" — maTpuua-cronbden Bbicotsl n, X1 = (!, 22 ... z")
— wmatpuua-ctpoka amuael n. Torma AX = [|aya®||” — maTpuuna-cronbew BbICOTHL 7.
Ec/au Tenepb 3Ty MaTpuily yMHOXKHTb c/eBa Ha Matpuily X ©, 10 noaydum I x [-matpuiy
C 3J1eMeHTOM a,pzPz" — KkBagpatuunyw popmy (1), T. e.

p(zt,.. . 2") = XTAX. (2)

§2. N3meHeHne KBaapaTUYHOU (opMbl NP JUHEHHOM Ipeodpaso-
BaHUM MePEeMEHHbIX.

kHYCTb P :kaean,na Q = HQean,na A= ||aek||n,na B = HbeanJw X = kaHn’ Y =
™", Z = |[=¥[]".

Onpenenenue. Jlunetlnoim npeobpasosanuem nepemernoix y', ..., y" 8 nepe-
menHble Tt ..., 2" Hasvieaemcs npeobpasosarue 8uda
X =PY, (3)

npuuem, mampuya P Hasvieaemcs mampuueti auretinoeo npeobpasosanus (3).
3amMeuyaHHue. 31ech paau yL0OCTBA M3JI0KEHHUS MaTepHaJsa 3TOH IVIaBbl UCIOMb3Y-
eTcst MaTpHuHast opMa 3amKcK omepatopa P /M, YTO TO XKe camoe, JHHEHHOro mpeos-
pasoBaHMs NPOCTPAHCTBA.
Eciu P — HeBbIpOXIeHHAasi MaTpula, To npeodpa3oBaHre (3) Ha3biBaeTCs HEBHIPOXK-
JIeHHbIM. B MpoTHBHOM cJlyuae OHO Ha3blBaeTCsl BBIPOXKIEHHBIM MpeobpasoBanueM. [IycThb
P — HeBpIpoxeHHas mMatpuua, T. e. det P # 0. Torna nss 3To# MaTpulbl CYLIECTBYET
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obpatHass P~!, ¢ MOMOIUBK KOTOPOH MOXKHO COBEDLIMTH JHHEEHOe NpeoOpasoBaHHe OT
nepeMeHHbIX xl, ..., 2" K mepemeHHbIM yl, ... Y™

Y = PlX. (4)

[Ipeo6pasoBanue (4) Ha3biBaeTcsi 0OpaTHBIM K Mpeobpa3oBanuio (3).
[IycTb maHbl ABa mocJ/enoBaTesbHbIX NpeobpaszoBanus Z — Y — X, T. e. npeobpaso-
BaHHWe (3) ¥ mpeobpasoBaHue

Y =QZ. (5)

Mx MOXHO 3aMeHUTb OfHUM MnpeobpaszoBaHueM Z — X, 1. e. X = BZ, rne B = PQ. K
3TOMY BBIBOIY Mbl MPUXOIUM, MOACTABUB 3HadeHHe Y u3 (5) B dopmyay (3).
Onpenenenue. [Ipeobpaszosanue X = PQZ na3vieaemcs npoussederuem npe-
obpasosanuti (3) u (5).
Kak cnenyer u3 Teopembl 5 . 4 Kypca aHaJUTHUECKOH T'eOMETPHUH, TPOU3BeeHHe
npeoOpa30BaHUi HEBBIPOXKIEHO TOTAA U TOJbKO TOT/A, KOTJA KaXKIbld M3 COMHOXHTeJNeH
SIBJISIETCS] HEBBIPOXKJIEHHBIM MPe0Opa30BaHUEM.

Teopema 1 Ksadpamuunas gopma XTAX nocae npumenenus auneiinoeo npeobpaso-
sarnus (3) nepexodum 6 keadpamuunyro gopmy YT BY, 2de

B = PTAP. (6)

HokasateabctBo. XTAX =(popmyna (3))= (PY)TA(PY) =(r. 4 ra. 4 Kypca
AHAJIUTUYECKON FeOMEeTPHUH U CBOHCTBO 1 onepauuu ymMHoxeHust Matpull)= YT PTAPY =
YT(PTAP)Y. Teopema mokasaHa.

3amedanue. B— cummerpudnas Matpuua. defcteutensto, BT =(popmyna (6))=
(PTAP)T =(r. 4 ro1. 4 kypca ananutudeckoii reometpun) = PTAT(PT)T =(onpenenenue
TpaHcrnonupoBanHod Matpuibl)= PTATP =(cummerpuunocts A)= PTAP =(dpopmy.a
(6))= B.

Teopema 2 [Ipu aw0bom HesovlpoxcOernHoM npeobpa308aHUL nNepemerHbly 3HaK onpede-
AUMeNs MAMPUubl K8AOPAMUUHOLU POopMbL He MeHIemCs.

INokaszateabcTso. [lycth nanbl kBagpatuunas ¢popma X7 AX u npeoGpasosa-
Hue (3), npudem det P # 0. B pesysnbrate 3TOr0 npeo6pas3oBaHusi, KaK CjlelyeT U3 Teo-
pembl 1, kBampaTnuHas Gopma crTaHeT KBampaTuuHoii dopmoit YT BY, rne B = PTAP.
Ho det(PTAP) = (1. 5 r1. 4 kypca ananutudeckoil reomerpun)= det P7 - det A-det P =
(cBoticTBo 1 ompenesurens) = det A - (det P)2. OTKyzna cjienyeT yTBepKIeHHE TEOPEMBbI.

Onpenenenue. Paneom xsadpamuuHoi opmb. HA3bI8aeMCS paHS MAMPULbL
amotl keadpamuurotl gopmoL.

Teopema 3 Pane xksadpamuunoll opmol coxparsemcs npu A060M HeBbLPOMOEHHOM
AUHELIHOM npeobpa3o8arul NepemerHblx.

HokaszateabctBo. [lycth naHa kBagpatuuHas ¢opma (2). CoBepunm mnpeo6-
pazoBanue (3), mpuuem det P # 0. Torna B cusy TeopeMbl 1 mpupeM K KBaJIpaTHUHOU
dopme YTBY, rne B = PTAP. Tak kak det P = det PT # 0, 10 mo teopeme 14 rai. 2
rang B = rang PT A = rang A. Uto u Tpe60oBaJoCh 10Ka3aTh.

[Tyctb KBanpaTuuHasi hopMa (2) HEKOTOPBIM JIMHEHHBIM MpeobpasoBaHueM (3) mpuBe-
JIeHa K BHIY:

kN2

bk (y")” (7)

Onpenenenue. 3anuce (7) Hasvieaemces KAHOHUUECKUM B8UOOM KBAOPAMUUHOL
Gopmel.
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Teopema 4 Ecau ksadpamuunas gopma (2) HesviposcOerHovim npeobpasosaruem (3)
npusedena Kk Kanonuweckomy 8udy (7), mo uucio omAiutHbLX OM HYAS KOIDDuuueHmos
8 (7) pasro paney r kKeadpamuunoil gopmoL.

HoxkasaTedanbcTso. Tak kKak no ycjaoBuio teopemsl det P 7 0, To B CHJIy TEOpPEMBI
3 xBazpatuuHasi (opma (7) umeer panr r. C Apyrodl CTOPOHbBI, MaTpHlla KBaapaTHYHOM
dopMmel (7) nMeeT AuaroHadbHbIH BUL ||bpkdpk||nn. CilemoBaTenpHO, HA €€ IVIABHOH AHAro-
HaJld CTOMT 7' OTJIMYHBIX OT HYJISI 3JIEMEHTOB.

§3. Maropn Jlarpanika npuBeaeHus KBaapaTUYHOUN (pOPMbI K KaHO-
HUYECKOMY BHUIY.

Teopema 5 Jlbyro keadpamuuryro opmy mMOHCHO npusecmu K KAHOHUUECKOMY 8UOY
(7) HesviposcOerHbIM Npeobpasosanuem nepemeHHoLx.

HdokasarteabcrtBo. [IpoBegeM mo merony mareMaTH4eCKOH MHIYKIUHU OTHOCH-
TeJbHO YMcaa nepeMeHHbIX n. Ecau n = 1, To kBagpatuuHas gopma ¢(z!) = apztz! —
KaHOHWYECKHH BUJ KBaApaTUUHOH (opmMbl. Cef0BaTeNbHO, B JAHHOM CJIydae CYLIECTBYET
TOXK/JEeCTBEHHOe NpeoOpa3oBaHue, T. €. A/ n = 1 yTBepXKJeHHe TeOpeMbl HMeeT MecTo.
CuuTasi Tenepb J0Ka3aHHBIM YTBepKIeHUS TeOopeMbl A5 n — 1, paCCMOTPUM KBaJapaTHu-
Hyto Qopmy Gzt ..., 2") = aupaPr® W noKaxkeM 1/ Hee yTBepXKueHHe TeopeMbl. st
3TOTO MPUIETCS PACCMOTPETh 2 ciayyas.

a) Xorst 6bl onuH U3 K03(PPULHMEHTOB agxr # 0, k = 1,n. IlycTb pagu ompenesieHHOCTH

ann 7 0. Beigenum B KBafipaTUUHOH (hopMe Bce uJieHBl, colepxKaliye x™:
U (2")? 4 204, 7% 3" + acpréa?, k=T,n; pe=1,n— L.

Tenepp nomo/HUM BblAeJIEHHBIE YJIeHBl IO MOJHOTO KBajpaTa CJaraeMbIMH, He COMepKa-
mumu 2", Torna
1 n k\2 /1 n—1
oz, .. 2") = app(cpx™) + o, ... 2" 7).

THE Cx = Qpn/Gnn, k = 1,n. Ilo npennosiokeHWI0 MHAYKLUHMH KBajpaTU4Has ¢opma
é(xt, ..., 2" 1) HeBBIPOXKIEHHBIM NpeoGpazoBaHHeM THna (3) NMPUBOAMTCH K KaHOHHYe-
CKOMY BHULY:

oyt .y = by, k=T, n — 1.

Jlo6aBUB K 3TOMYy NpeoOpa3oBaHHI0 COOTHOWIeHHe y" = c,z¥, k = 1,n, noayuum npeo6-

pasoBaHHUe:
1 1

Yy X
y2 _ ? IQ
: (8)
ynfl xnfl
yn = (akn/ann>xk'

A10 npeobpa3oBaHUe HEBBIPOXKIEHHOE, TaK KakK OIlpeaesuTe/]b MaTpulbl P 3Toro npeod-
pa3oBaHUA

P11 - Pin—1 0
— det P £ 0.
Pn—11 -+ Pn-1n-1 0
C1 e Cn—1 1
CaienoBaTe/ibHO, KBagpaTHuHas Gopma ¢(:c1, - ,;1:") [IPUMeT KaHOHHUYEeCKHUH BHUI:

o', y") = () + ann (y™)*.
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6) Bee ap, =0, k= 1,n. Ilyctb aip # 0. Torna cuenaem npeobpasoBaHue:

ol = o1 2

2=z 4 22
oF =2k k=3n

A10 npeobpa3oBaHHe HEBBIPOXKIEHHOE, TAK KaK OINpelesnuTe/ b MaTpPULbl Npeo6pa3oBaHUs

1 -1 0 ... 0 O
11 0 ... 0 O
0o 0 1 ... 0 0 _ 9
o o0 o0 ... 1 0
o o0 0 ... 0 1

A B utore, nockoabKy 2aioz'r? = 2a15((2')? — (2%)?), B KBagpaTUUHOH (OpMe MOSABSTCS
KBaJlpaThl CPa3y ABYX MEPEeMEHHbIX C OTJIHYHBIMU OT HYJIsl KO3(DQHUIMEHTaMH, T. €. TIPHAEM
K CJIydaio a), [Jis KOTOPOro yTBEpPXKAeHHUe TeopeMbl J0Ka3aHo.

M3J10)KeHHBIH TOJIBKO UTO METOJ Bbl€JEeHHUs! IONHBIX KBAAPAaTOB HA3bIBAETCSH METOIOM
Jlarpanxa.

[Tpuwmep. [IpuBecTH K KaHOHHYECKOMHY BUAY KBaapaTHuHyio Gopmy ¢(zh, 2% ) =
22 x? 4 20223, MaTpuua 3ToH KBagpaTHUHOH (HOpMb

010
1 01
010

Tak kak mepBblii ¥ TpeTHH cTONOIBI coBManawT, To rang A = 2. [loaTomy B KaHOHHYECKOM
BUIe B cUsy TeopeMbl 4 onuH KoappuuueHt 6yaer paseH 0. Tax kak 3to cayya# 6), To
JesaeM npeoOpa3oBaHue:

xl = 21 — 22 1 -1 0
=2+ mmX=|1 10 |Z=P-Z raedetP =2.
x3 =23 0 01

Torma (21, 22, 23) = 2(21)2—2(2%)?+22123422223 = 2((21)2+2123+0.25(2%)?—0.25(23)?) +
22223 —2(2%)% = 2(2'4+0.523)? —2((2%)? — 2222 +0.25(2%)%) = 2(2' +0.523)2 —2(22—0.52%)%
WHBIMU CJIOBaMH, HAMH CIIEJAHO TIPe0Opa3OBaHUe ePeMEHHBIX:

yt =21 +0.523 1 0 05
Y =22-052 umm Y=|0 1 —05 |Z=P -Z roedetP, =1.
Y3 =23 00 1

Hraxk,

Syt y*y?) = 2(y") = 2(y°)* + 0 ()"
MoxHO Ternepb yKasaTh M NPSIMOE Mepexoj 0T KBaapaTH4HO# Gopmel ¢(x!, 22 2®) K kBax-
patuuHoii popme ¢(y', 4%, 3°), 1. e. X = BY, re B = PP *. Tak Kak

1 0 —05 1 -1 0 1 0 —05 1 -1 —1
P'=101 05|, 7oB=|1 10 01 05 |=(1 1 o],
00 1 0 01 00 1 0 0 1
T. €
xlzyl—y2—y3
x2:y1+y2
x3:y3

[Tocsie aToro nmpeo6pa3oBaHus MOMYyUHUM:

oy Ayt =20y — v — )W+ v + 20y + 7)Y = 2(y") - 2(67)%
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§4. [IpuBeneHue KBaapaTuyHOU (popMbl OPTOrOHAJbHBIM IMpeodpa-
30BaHMEM K KaHOHMYECKOMY BHAY.

Teopema 6 Cyujecmsyem opmoconarvroe npeobpasosarue X = QY, ede () — opmo-
eonanvHas mampuya, npusodauee keadpamuunyro gopmy XTAX Kk Kanowuueckomy
sudy.

lokasaTeabcTso. PaccMOTpUM NpOM3BOJbHOE €BKJHMIOBO NMPOCTPAHCTBO ), ¢
OPTOHOPMHPOBAHHBIM 6a3UCOM (€,),. BBefeM Ha 3TOM nmpocTpaHCTBe JIMHEHHEBIH onepaTop
A, 3anaB ero marpuueii A, B Gasuce (e,),, paBHOH Matpulle A KBaapaTHuHOH (OPMBI
(2t ... ,2") = XTAX. Tak Kkak (e,), — opToHopMupoBaHHbIH Gasuc u A = AT, 10 10
yrBepaennto 13 A — cummerpuunsiit oneparop. [To Teopeme 9 ri1. 5 mst onepartopa A
B NIPOCTPAHCTBe F,, CyllecTByeT OPTOHOPMHUPOBaHHBIA 6a3uc (f,), M3 COOCTBEHHBIX BEK-
TOPOB 3TOrO oreparopa, B KOTOpoM MaTpuua A, omnepatopa A HMeeT IHAaroHaJbHEIN BUA:
Ar = || Ap0pk||nn. OB03HAUNM uepe3 () MaTpuLy nepexona ot 6asuca (f,), K 6asucy (ep)y,
T. e. f = eQ). Tak Kak o6a 6a3nca OPTOHOPMUPOBAHHEI, TO 10 CBOHCTBY 8 OPTOroHaJbHON
matpuibl (§4, ri. 4) (Q — oproroHanbHas matpuua. Kak caenyer u3 paBeHctBa (3) ri.
5 Ay = QtA.Q nm, tak Kak A, = A u Q7! = QT, to Ay = QTAQ. Ilpumenum K
KBaZlpaTHUYHOH (opMme JuHeiHoe npeoOpazoBaHue X = QY. Torma no Teopeme 1 mar-
puua kBagpatnyHoi dopmer X7 AX 6Gyner pasHa matpuue QT AQ, T. e. marpuue A; —
JIMarOHAJbHOW MaTpULE.

Gameuanue 1. B aTom cayyae Koa(h(ULMEHTH KAHOHHUECKOTrO BUIA KBajpaTH-
HOM opMbl (Y, ..., y™) paBHbI COOCTBEHHBIM 3HAYEHHUSIM OTlepaTopa A. [Tostomy, pewus
XapaKTepucTHieckoe ypaBHeHHe (9), cpa3y MOKHO 3amnucaTb KaHOHWYECKUH B[ KBajapa-
THYHOW (DOPMBI.

Gameuanue 2. OproroHanbHoe mnpeo6paszoBanue X = QY , mpuBopsiliee KBaji-
paTH4Hy0 (OPMy K KaHOHMYECKOMY BHAY, HUMeeT MaTpuly (), CTOJAOLBI KOTOPOH CyTb
KOOPAMHATEl OPTOHOPMHPOBAHHOTO GasKca M3 COGCTBEHHBIX BEKTOPOB omepaTtopa A B Ga-
auce (€p)n.

Teopema 7 Koagguuyuenmor kaHoruueckoeo suda K8adpamuuHoi Gopmol He 3a8UCAM
om 8vL60pPa OPMOEOHANbHO20 NPeobpasdosanus, NPusodsuLe20 K8adpamuurHyo Gopmy K
KaHOHUueckomy sudy.

Hokaszateanbcrtso. [Iycts opToronansHoe npeobpasoBanne X = QY NpuBOAUT
kBagpatiunyio popmy X7 AX k KaHoHuueckomy Bupy Y7 BY = a,(y?)?. TlokaxeM, 4To
a, = A\, Te A\, — KopeHb ypaBHeHHs (9). CocTaBUM KBaipaTHUHYIO (GOpMy C MaTpuleH
A— ME: XT(A — \E)X. OproronanbHoe npeo6pasopanue X = QY NPUBOIUT MATPHUILY
3TOH KBaZpaTH4YHOH (hopmbl corsacHo Teopeme 1 K Buay: Q1 (A —AE)Q = B— ) \QTEQ =
B—M\E = ||(ap—M)dpk||nn- [Toatomy det Q7 (A—AE)Q =(teopema 5 ri1. 4 Kypca aHATUTH-
geckoil reomMeTpun)= det(A—AE) = det ||(ap, — A)0pk||nn = (a1 =) - (a2 =) .. .- (an, — A).
Orciona crenyet, uto a, — pelleHre ypaBHeHUs (9).

[Ipumep 1.
010
ozt 2%, x%) = 2x'a® + 22%23. A = | 1 0 1 | — mMaTpuua KBaapaTHYHOH (OPMBI.
010
A 1 0
[Tostomy A — A\E = 1 —A 1 | ¥ XapaKTepHCTHYeCKOe ypaBHEeHHe HUMeeT BHI:
0 1 =X

~A3 =2\ =0.Otkyna A\; = 0, Ay =22 \3 = —21/2, Teneps pemas cuctreMy ypaBHeHHI
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(A—AE)X. =0, 1. e. cuctemy
Azt +22=0
2t =+ 23 =0
22—\ =0,

P COOTBETCTBYIOLIMX 3HAUEHUAX A, HalaeM COOCTBEHHBbIE BEKTOPBI:

—1
2 __
a) s A\ =0 {xl—i—ig;g =zrl=-23= X, =c 0 |,c#0;
1
1
1
2125 4 22 =0

1

A = AT, 1. e. COOTBETCTBYWOLIMH OMepaTop A — cuMMeTpuuHblil. CrenoBaresnbHo, C00-
CTBEHHbIe BEKTOPbl, COOTBETCTBYIOLLHE PA3JHUUYHBIM COOCTBEHHBIM 3HAYEHUSIM, OPTOrO-
HajabHbl. Hopmupyem ux, T. e. Tpebyem, utobml (Xj, Xi) = 1, k& = 1,2,3. Torna: a)
2 =1,T.e.c=2"Y26)4c>=1,T. e. c=0.5,B) 4> =1, 1. e. ¢ = 0.5. Urak,

—9-1/2 0.5 0.5
fl = 0 5 f2 = 2_1/2 y fd == _2_1/2
2-1/2 0.5 0.5

[TosTomy maTpuua opToroHansHoro npeo6pasosanust X = QY umeeT BUA:

—92-12 05 0.5
Q — 0 2—1/2 _2—1/2
212 05 0.5

A10 npeobdpazoBaHKe MPUBOAUT KBAAPATHUHYIO (DOPMY K KAHOHHUUECKOMY BUIY:

oy v, y%) = M)+ Aa(y?)? + As(y V2(y*)%

y
011
Mpumep 2. ¢(zt, 2%, 23) =201 2? + 2203 + 22223 A= 1 0 1 |, det(A—\E) =
1 10
6n

2

0= Ao2=—1,A3=2.Tlpu A = —1 cucrema (A—\E)X, = 0 npuHUMaeT BUJ: = —c?—
-1

3. Tlostomy 6asuc B mpoctpaHcTBe peuienuii, 1. e. PCP, ectb X; = 1], Xo=
0

—1
0 |. Ho (z1,22) # 0, T. e. OHH He OpTOroHaJbHH. [103TOMY HpPUMEHUM aJTOPUTM
1

_271/2
opToroHanusauuu: e; = x'/|x | = 2712 | ey = , TIe ¢y = Ty — (€1, T3)e; =
0
~1 —1/v2 —05 ~1/v6
0| =22 1/v2 | =] =05 |, |eal =152, ey=| —1/V6
1 0 1 2/3
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1/V/3
[Ipu A =2 ey = 1/\/§ . [lostomy X = QY rne
1/v/3

~1/v/2 —1/v6 1//3
Q=| 1/V2 -1/v6 1/V3
0 /2/3 1/V3

Bnaunr, d(y', % %) = —(y')? — (¥°)* +2(4°)".

§5. buanneiinbie opmbl. UX cBS3b ¢ KBajpaTuuHbIiMU opmMamu.

[IycTe B JMHeHHOM npocTpaHcTBe R, Ka)KIOH YNOPSAOYeHHOH Nape 3JEeMeHTOB x, Y
M0 HEKOTOPOMY MpaBuJy B CTaBUTCs B COOTBETCTBHe uucao u. Torna u = B(x,y) Gynem
Ha3blBaTb YMCJI0BOM (PYHKLHEH OT IBYX apryMEHTOB X, Y B JIMHEHHOM INPOCTPAHCTBE .

Onpenenenue. Yucrosas ymukyus B(x,y) Hasdvieaemcs busuHelinot ¢opmoti
om x, y, ecau 05 Ar00bLx dAemMenmos x, y, e ud R, gvinoanaromesa yciosus:

1. aumnelinocme nO nepsomy apeymermy npu QUKCUPOBAHHOM 8MOPOM:
a) B(z +y,e) = B(x,¢) + By, e),
6) oas aroboeco a usz Ky Blaz,y) = B(z,y) - a;

2. auMeliHOCMmb N0 8MOPOMY apeymenmy npu GUKCUPOBAHHOM NePBOM:
8) B(r,y+e) = B(x,y) + B(x,e),
e) 05 a0boeo a u3 Ky B(z,ay) = B(x,y) - a.

13 onpenenenuss 6uaMHeRHON (GOpMbl MO MHAYKLUHHU JIETKO MOJYUYHUTh CJedylollee Co-
oTHoweHue. Ecau z, y — JuHeliHble KOMOMHALIMK KaKUX-AUOO 3JIEMEHTOB MPOCTPaHCTBA
_ T a4 — ok B ey
R,, 1.e.xc=0adP, p=15 y=c"n, k=1m, 10

B(x,y) = B(a’§, Cknk) = akaB<£p7 Mk)- 9

BriGepem B npoctpaHcTBe R,, HeKoTopwl# 6asuc (e,),. Torma jobble 1Ba 3JeMeHTa X, Y
MOTYT OBbIThb pa3J/oKeHbl MO 3ToMy 0Oasucy: = = e,2”, y = e,y?, p = 1,n. O603HaYMB
B(e,, ex) = by, 1 npuMenus (opmyay (9), nomydnm:

B(z,y) = bpkxpyk. (10)

[IpencraBnenue (10) HasbiBaeTCst OOIKUM BUAOM OUJIMHEHHON (OPMBI B 1-MEPHOM JIHHEH-
HOM IPOCTPAHCTBe, a MaTpula B, = ||byk||n,, Ha3bIBaeTCS MaTpHlel OGUIMHEHHOH (HOPMBL
B(z,y) B 6a3uce (ep)n.
[Ipumepsl.
1) B nuneiinom mpoctpaHcTBe V3 ckaJssipHOe MPOM3BeIeHHe IBYX BEKTOPOB (4, 5) sIBJISIeTCS
[}

- -

GunuHeliHONH (opMmoH, T. e. B(d,b) = (@,b), uto caenyer u3 cBoicTB 1-4 cKajspHOTO
npousBe/ieHHs BeKTopoB. Ecsau B kauectBe 6asuca V3 B3ATb BEKTODH 1,j,k, TO by, =
1, p=1,2,3,b,s=0mpu p#s, 1. e. Bisp = |6ps]]3,3-
2) B npoctpanctse Cl,p OuIMHeHHOH (opMoil aBasercs, HanpuMep, QyHkuua B(z,y) =
b
Jx(c)y(c)de. Ho Tak Kak 3To mpocTpaHCcTBO GeCKOHEYHOMEPHO, TO 3Ta OUIHHeNHHast (opma
He HMeeT MaTPHIbL.

BBeneHHYI0 Bbillle GHIHHEHHYIO (DOPMY MOXKHO 3amucath B MaTpuuyHoi dopme. IlycThb

B R, 3aman 6asuc (e,),. Torma /11060i 3/eMeHT MPOCTPAHCTBA MOXKHO PAa3JIOKUTb IO

S]
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sToMy 6asucy, T. e. x = ezf = eX,, y = e,yP = eY.. [lostomy pasenctso (10) B cuay
OTpeJleJieH|sT ONepalvid YMHOXKEHHUsST MATPUL[ MOXKHO 3aMKCcaTh Tak:

B(z,y) = X, B.Y.. (11)

Teopema 8 [Iycmo B, u By — mampuyolr burunetinot gopmor B(x,y) 6 basucax (ey),
u (fy)n, coomsemcmsenno. Toeda, ecau P — mampuya HesbipoxOeHHo2o npeobpaso-
sanus, nepegodaujeco basuc (ey), 8 6asuc (f,)n, m. e. f =eP, mo

B; = P"B.P. (12)

Hoxasarteanbcrtso. [Iycts B 6asuce (ep), 371eMEHTH T, § MMEIOT KOOPAHHATHI
X., Y., a B 6asuce (f,), — Xy, Yy coorBercBenHo. Tak kak f = eP, det P # 0, TO
no dopmyne (6) §6 rn. 2 umeem: X, = PXy, Y, = PY;. Torna B(z,y) =(dopmyna
(11))= XIB.Y. = (PX;)"' B, - (PY};) =(cBoiicTBO 2 omepalUyu yMHOXKEHHsT MaTpHIL)=
X7 (PTB.P)Yy = X{ ByYy. Otciona ciiefiyeT yTBep:KIeHHE TeOpeMbl.

—

[Tpumep. B npocrpanctBe V5 3anaHbl 6asuc €; = 4,63 = j,€3 = k W MaTpula

1 -1 0
P= |0 2 1 | nuHeliHoro npeo6pas3oBaHusi, B pe3yJbTaTe KOTOpPOro 6asuc (€,)s
0 0 =3
nepeiier B 6asuc (f};)g no gopmyse f=eP, T.e. (fi fo f3) = (€1 26, —¢) € —3€3) =
1 —1 0
f: =01, f; = 21, ﬁ, = 1 |. Haiizem tenepp B o6oux 6asucax MaTpuLly
0 0 -3
OuMHelHO# hopMbl, KoTopasi B 6asuce (e,); umeet Bun B(zr,y) = 'y’ — 22ty? + 323y' —
1 =20 1 -5 —2
y*, 1.e. B.=| 0 0 0 |.Io dopmyne (12) B = P'B.P=| -1 5 2|,
3 -1 0 -9 15 3

T. €. B 3TOM Gasuce OuIMHeHHas popma sanuiuercs Tak: B(x,y) = x'y' — baly? — 2%y! +
S5ay? — 2xty® — 923yt + 2223 + 1523y? + 32313,

Onpenedaenue. Buiuneinas gopma B(x,y) Ha3b16aemCs CUMMEMPUUHOLL, eCAU
oas arboix x, y us R, B(z,y) = B(y, ).

Teopema 9 /(11 moco, umobol 6uruneiinas popma B(x,y) 6vira cummempuuroil, Heob-
xo0umo u docmamouro, umobe. 8 Hekomopom basuce (e,), ee mampuya B, bvira cum-
MempudHOU.

Heo6xonumocts. [lyets B(x,y) = B(y, x). Torna B 6asuce (e,), by, = B(ex,ep)
= B(ep, er) = byr. Yo U TpeboBasoch 10Ka3aTh.

Ooctatounocts. [lyeth B Gasuce (e,), B. = BI. Torma no dopmyse (10)
B(z,y) = byraPy" = byyy*a? = B(y, x). Teopema nokasaHa.

OxkasbiBaeTcst OuaMHelHas GopMma CBsi3aHA HEMOCPEACTBEHHO C paHee BBeIeHHOH HaMU
KBaJpaTH4YHOU (opMOH. A HUMeHHO, ec/M B OUJMHEHHOU (QopMe MONOXKHUTb y = T, TO B
cuay (10)

B(x,z) = bypaPa* (13)

— (yHKUMS n TIepeMeHHBIX x!,... 2", KOTOpble 31eCh WHTEpPIPETUPYIOTCS KaK KOOop-
IMHATHl 3JleMeHTa = NpocTpaHcTBa R, B 6asuce (e,),. B 3amucu (13) ectb monoGHble
usieHsl by P u by,xxP. BBenem cummeTpruHyto MaTpuLy A: aye = ary = (bpr + biyp)/2,
are = byx. Torna B(z,z) = A(z,z) = ayaPs® — xBagpatuunas dopma. OTciona cienyer,
YTO OfHY W Ty e KBaJpaTHYHYIO (HOPMY MOXKHO MOJYUHUTb W3 Pa3JHUUHBIX OUJIHHEMH-
HeIX (opM B(z,y) = XTBY u B*(x,y) = X"B*Y, eciu T0OAbKO bpi + biy = by + b,
k.p=1,n.
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B bl BoOa: Kaxaol OuIMHEHHOH (hopMe COOTBETCTBYeT eAMHCTBEHHas KBaApaTHUHas
(hopMa; KaxXOOH KBaApaTU4YHOH (hopMe COOTBETCTBYeT OeCKOHeUHO MHOro OWIMHEeHHBIX
(opM, HO Cpely HUX eCTb eJMHCTBEHHAas CHMMeTpUuyHas OuJUHelHas ¢opma.

[Tpumep. Ecniu nana ksagpatuunas opma ¢(xt, 22, 23) = (1) — 2222 + 32223, 1o
COOTBETCTBYIOLLAs eil CUMMeTpU4Hasi OunuHelHasi popma umeet Bun B(z,y) = A(x,y) =
oyt — aly? — 22yt + 1.52%y3 + 1.523y2.

Jlro6ast cumMeTpuyHas OunuHeiiHasi dopma A(z,y) MoxkeT OBITb BbipakeHa 4Yepes
KBafpaTHuHble opMbl. [lefictButesnbHo, A(x + y,x + y) =(mo cBoicTBY a) GUIMHEHHO#H
dopmbl)= A(z,z+y)+A(y, z+y) =(cBoiicTBo 6) GuanHeiHOH hopmbl)= A(x, x)+A(x,y)+
Ay, x) + Ay, y). Tak kak 6unuHerHas gopma cumMeTpuuHa, 1o A(z,y) = A(y, x). Cie-
J0BaTeJ/bHO,

Az, y) = 0.5(A(x +y, v +y) — Az, 2) — Ay, ).

Onpenenenue. basuc (ey), 8 auneiinom npocmparcmse R, Ha3vieaemcs ka-
HOHuYeckum 0aa buauretinol gopmor B(x,y), ecau Bley,er) =0, p# k, p,k =1,n.

Teopema 9* Jinsa moeco, umobol buruneinas gopma B(x,y) 6vira cummempuurot,
Heobxodumo u docmamouro, umobvl ama Gopma umesa KaHoHU4ecKui basuc.

Heo6xonumocTts. [lycth dopma B(z,y) — cuMMeTpruyHasi OuiuHeliHasi ¢hopma
A(z,y). Ilyete B Gasuce (e,), A(z,y) = XIA.Y.. CooTBercTByiomas 3To# OHIHHEH-
Ho# (popme kBampatuunas popma A(z,z) = XTA.X, no teopeMe 5 HeBBHIPOKIECHHBIM
npeo6pasoBanueM X = PZ TNPUBOAWTCSA K KaHOHMYECKOMY BMAy, T. e. matpuua PTA, P
UMeeT OUAaroHaJ/bHBIH BUI. DTOMY NpeoOpa3oBaHHUI0 COOTBETCTBYET NpeoOpa3zoBaHue Oa-
suca (e,), B 6asuc (f,), mo qopmyne f = eP. Torma, kak cienyer us dopmynsr (12),
Ay = PTA.P, xotopasl 110 BbIlle I10Ka3aHHOMY sIBJIsieTCst AuaroHanbHoi. Ciie10BaTesbHo,
B 5ToM Gasuce A(zr,y) = apex®y¥, 1. e. ag, = A(fr, f,) = 0 npu k # p. Ho 310 1 03Hauaer,
uto 6asuc (f,), — KaHOHHYECKHUH.

HocratounocTs. [lycTs (e,), — KaHoHHueckuil 6asuc. Torma marpuua B, 6u-
JIMHEHHOH (hopMbl B 3TOM 6a3nce MMeeT JUaroHaslbHBIH BUA, TaK Kak by, = B(eg,e,) =0
npu k # p. Ho nuaroHanpHasi mMaTpulla COBMajfaeT CO CBOEH TPAHCIIOHHPOBAHHOH, T. e.
B. = BT, A 310 o3nauaer, 4to GunuHeiinas gopma B(z,y) sABASETCS CHMMETPUUHOM.

§6. Meton Iko6u npuBeneHns KBagpaTUYHON (POpMBbI K KAHOHUYE-
CKOMY BHAY.

I[Tycts nana kBagparuunas popma X7 AX. Kak ormeuanocs B §5, ee MOXKHO paccMaT-
pHMBaTh KaK YaCTHBIH caydail OuanHedHo# dopmbl, T. e. XTAX = A(z, z), toe zt, ... 2"
MHTEPIPETUPYIOTCS KAaK KOOPAMHATHEl dJeMeHTa T MPOoCTpaHcTBa R, B 6asuce (e,),. [To-
3TOMY Npo6JeMy NMpHUBeNEeHHsT KBAaAPAaTHYHONW (POPMbl K KAHOHHUECKOMY BHUIY MOXHO pac-
CMaTpuBaTh Kak mnpobseMy Bbl6opa KaHOHMYeckoro 6asuca. CrenaeM 3TO C MOMOILBIO
TpPeyroJbHOro npeobpa3zoBaHusi Ga3UCHBIX 3JIEMEHTOB:

fl =€
fo =cae1 + e
fs = cg1e1 + caze + €3 (14)

Jn = Cn1€1 + Cpaea + Cpzez + ...+ ey

Tak kak onpenesnnTe/b MaTPHULbl IpeoOpPa3oBaHUs OTIWYEH OT HyJs (paBeH 1), 1o fi,..., fu
obpasytoT 6asuc B R,. [anee, Ham moTpebyloTcsi yrjoBble MUHOPbl MaTpuubl A = A,
KBagpaTHYHOH (opmbl A(z, ) B 6asuce (e,), : Ay = det||apk||rr, £ =1,n—1.
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Teopema 10 [Tycmov muropor Ay, Ao, ..., A,_; mampuys. A keadpamuuroii popmor XTAX
omauunel, om Hyas. Toeda cyuwecmeyem edurcmeernHoe mpeyeorvroe npeobpa3osanue
(14) 6asucHoix aremenmos ey, ey, . . ., e, npusodaujee keadpamuunyo gopmy XTAX k
KaHOHUuecKkomy suody.

INokasateanbcTBo. Tak kKak XTAX = A(x, ), 10, Kak cienyer u3 §5, B 1060M
6asuce (f,)n, K03(D(HULUHEHTH KBaAPaTHUHOH (POPMBI BHIUUCJSIOTCS MO (QOPMYTIE: Gy =
A(fp, fr). Ecnu dpopma A(z,z) B 6asuce (f,), UMeeT KaHOHHUECKHH BHA, TO apr = 0
npu p # k. [lostomy A/ 10KasaTesnbCTBAa TEOPEMbI AOCTAaTOYHO MOCTPOUTb C MOMOILBIO
npeo6paszosanus (14) 6asuc (f,), Takoil, uto 1) B HeM GyAyT BEINOJHATHCS COOTHOLIEHHUS:

A(fp?fk):()?p?ékv p7k:]-77n (15)

WJIM, YTO TO Ke, NpU p < k (160 a,; = ayp), U 2) oH (6a3uc) eAHHCTBEHHBIH.
Tax kak B cuny (14) f, = cpier +cpoea + ...+ cpp_1€5-1 + €, TO HA OCHOBAHUH (HOPMYJIHI
(9) umeewm:

A(fp: fk‘) == Cp1A<617 fk) + CpQA(627 fk) 4+ ...+ A<€p7 fk)
[Tostomy ycaoBusi (15) GynyT uMeTb MeCTO, eCJIH
A(eh fk) = 07 A(627 fk) = 07 ce 7A(6k:—17 fk) = 07 k= 2a n. (16)

Tak xak no cootHomeHusMm (14) fr. = cpie1 + croea + ... + €, T0 (16) NpuUMeT BUA:

criA(ey, e1) + coAlep, e2) + ...+ Alep,ex) =0, p=1k—1k=2n.
O6o3naunB A(e,, e) = by, 3anuieMm okoHuaTesbHO (16) Tak:

ck1bin + crebia + ..o Crp—1bi -1 + b1y =0
................................................ (17)
Cribr—11 + crobr—12+ ...+ cpr—1bk—145-1 + b1, =0

Omnpenenurenb cucrembl (17) paBeH Ag_1, KOTOPBIH MO YCJIOBHIO TEOPEMBl OTJHYEH OT HY-
asi. CrefoBaTesNbHO, 3Ta CUCTEMa UMeeT eIMHCTBEeHHOe pelleHHe. TakuM o6pa3oM, MOXK-
HO MOCTPOUThH €IUHCTBEHHOe npeoOpasoBaHue (14), mpuBonsilee KBaApaTUUHYIO (HOPMY
A(z,r) K KaHOHMYeCKOMY BHIYy. Teopema JoKa3aHa.

B 3akJ/iodeHue npuBeneM (GoOpMyJbl, O KOTOPBIM MOXKHO BbIYHUCAHUTH KO3(PPHULHEHTHI
Cp, IpeobpasoBanus (14) u Gopmysbl 151 KAHOHHUECKUX KOI((PULIUEHTOB A, KBaipaTHy-
HOU (DOPMBI.

O603HauuM cUMBOJIOM Aj_;, MHHOP MaTpULbl A, pacroJ/IoKeHHBIH Ha NepeceueHHH

CTpOK ¢ Homepamu 1,2,... .k — 1 u cronbuoB ¢ Homepamu 1,2,....p — 1, p+1,... k.
Torna us cucremsl (17) no dopmynam Kpamepa Haxomum, 4To
A/c—l,p

Ckp = (_1)k+p

A, (18)
Boiuncaum tenepb ;. Tak Kak Ay = agp = A(fx, fx), TO U3 paBeHcTB (14) cienyer, 4To
/\1 = A(fl,fl) = A(61,€1) = a1 = Al, a Tipu k = 2,n : )\k = A(fk,fk) = A(cklel +
Cro€a + ...+ e, fir) =(B cuny (16))= A(ey, fi) = A(er, ckier + ... +ex) = Cribip + crobar +
.ot Ck,k—lbk—l,k + bkk = (q)OpMy.IIbI (18)): [(—1)k+1b1kAk_1,1 + (—1)k+2b2kAk_1,2 + ..+
(=) by kA1 g1 + brrAr1] /A1 Ho [ ... ] — cymMa mpousBeneHUH 3JIEMEHTOB
k-oii cTpoku ompenenutesss Ay Ha anrebpandeckde MOTMOJHEHUS 3TUX 3JEMEHTOB B TOM

x)e onpenenutese. CienoBatebHo, 3Ta CKOOKA paBHA CaMOMY OMNpEeAENHTeNo0 Ay, T. €.
A = Ag/Ag_1. Urax,

A A
)\1:A1,>\2:72 7>\n: n.

N (19)
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§7. 3akoH MHepUUH KBaJpaTUYHOU (POPMBI.

Kak nokaszaHo B Teopeme 4, 4UCJ0 HeHYJMEBBIX KO3(P(ULHEHTOB B KAHOHUUYECKHUM BUJE
KBaJpPAaTUYHOH (POPMBbI MOCTOSIHHO, T. €. fIBJSIETCS MWHBAPUAHTOM KBAaAPAaTHUYHOH (DOPMBI
OTHOCHTEJIbHO NpeoOpa3oBaHWH, NMPUBOASALIMX KBAaAPAaTHUUHYIO (POPMY K KAHOHUUYECKOMY
Buay. OKkasbiBaeTcst, YTO UHKCJO MOJOKHUTEJbHBIX KW OTpULIATEbHBIX KO3(D(UIHEHTOB B
KaHOHUUYECKOH (popMe TakKe MOCTOSIHHO, HE3aBUCHUMO OT criocoba NpUBeLeHHUs HeBbIpPOXK-
JeHHbIM Npeo0pa3oBaHWeM K KaHOHHYECKOMY BHUAY.

Teopema 11 (06 nHepuMK KBagpaTUYHON (PopmMbl) Hucio nosoxcumesvHolx U ompu-
yamenvHolx KOdQpuuuenmos 8 KaHOHUUECKoM 8ude, K KOmMopomy npusooumcs Keao-
pamuuraa opma HesolpoIOeHHbIM NPeodbpa3osanuem, He 3a8ucum om golbopa 3moeo
npeobpas08aHUs.

NokaszateanbcTBo. [lycth kBagpatuuHas Qopma ¢(x',...,x™) paHra r HeBbI-

pOXKIEeHHBbIM NpeobpaszoBaHueM Y = PX mpuBeleHa K KAHOHHUYECKOMY BHIY:

ay(yt)? + ..+ ak(yk)2 — ak+1(yk+1)2 — . —a(y)? (a, >0, p=1,r), (20)

a HeBBbIPOXKJEHHBIM NpeobpaszoBaHueM Z = C'X — K BUAY:

bi(2")2 + . 4 be(29)% = ber (2T — L = b,(27)? (b, >0, p=T,7). (21)
Tak kak det P # 0, det C' # 0, T0 3amaB 3HadeHus x',...,z", ogHO3HauHo U3 Y = PX
u Z = CX onpenenuM 3Hadenuss y', ..., y" u 2%,... 2" Tem cambim opmyasl (20),
(21) ompenesnaT 3HayeHHe KBaApaTHUHOH (opMbl B Touke xl,..., 2", T. €. HX MOXHO
MPUPABHATB:
k k
a(y)? . ar () = ap (VT — L —a () = b (2D b (2D (22)
Hano nokasate, uto k = e. [Ipennonoxum npoTtuBHoe, T. €. k > e. Kak yxe roBopusoch,
B paBeHcTBe (22) mepemenHnbie y', ..., y" u 21 ..., 2" cBA3aHBI C epeMEHHBIMH ', ..., 2"
COOTHOIIIEHHUSIMHU: .
Y = DPud,
e )
Y" = prix’
Y =PX = Rl Z’
Yy karl,zx )
............ ,
y - pmx I
2t = et (23)
......... 5
2% = ¢t
Z — CX :> e+1 _67, ’ ] i
2T = Ceq11”,
............ ,
2" = cpxt
(t=1,n).

Tak kak k£ > e, To uucjo ypaBHeHHH B cucteme (23) n — k + e < n. Halinem u3 aToi
CHCTeMbI pelleHde x', ... x™, 1 KOTOpOro

ka:...:y”:O, (24)

= =22=0. (25)



B cuny 3tux ycaoBui cucrema (23) — omHOpPOAHAsi CHUCTeMa ypPaBHEHHH, TPHUEM OHa
HEeTPUBHAJBbHO COBMECTHA, TaK KakK YHCJO YpaBHEHHWH MeHbllle YHcJa HeHndBeCTHbIX. [lo-
3TOMYy CYIIECTBYIOT uYWcaa x',..., ", He BCe DaBHble HYJIIO, KOTOPble YAOBJETBOPSIOT
cucreme (23) mpu ycaoBusx (24), (25). Temepb ais 3THX 3HauyeHWH z!,..., 2" U3 pa-

BeHCTB Y = PX u Z = OX mnaiigem y',...,y* u 2¢t1, ... 2" ¥ NOACTaBUM B PaBEHCTBO
(22), yuutsiBas (24), (25):

a (Y ) 4 A an(yF)? = b1 (2T — = b (27)2

Ho 310 paBeHCTBO BO3MOXHO, MOCKOMBKY a, > 0, b, > 0, p = 1,7, Torma U TOJNbKO
toraa, korga y' = ... = y*¥ = 0 m 2t = ... = 2" = 0. Ho Torma, yuureBas (24),
Hanpumep, nosydaem,uto Y = 6. [lostomy u Tak kKak det P # 0 u3z Y = PX noayuyaewm,
yto X = 6. [Ipuiiu K MpOTUBOPEUHIO ¢ MpeanooxeHueM, 4yto X # f, o3Havarllee, YTo
MpenrnosioXKeHue k > e HeBepHO. AHAJOTHUHO NOKAa3bIBaeTcsl, YTO k < e ObITb HE MOXKET.
Takum o6pasom, ocTaeTcst JUlIb OAUH caydail: k = e. UTo u Tpe6oBasoCch 10Ka3aTh.

§8. Knaccudukanuusa KBagpaTudHbix ¢opmM.

Onpenenenue. Ksadpamuunas gopma XTAX nasvieaemcs
1) noaoxcumenvro (ompuyamersro) onpedesernotl, ecau 0in scex X XTAX >0 (<0),
npusem XTAX = 0 moavko npu X = 0 (maxue ¢popmbL HA36LBAIOMC MAKHCE 3HAKO-
onpedereHHbIMU);
2) Ksasuonpedenennoil, ecau ona moxcem npunumamo snauenus X1 AX >0 (< 0) das
X #0.
3) HeonpedeneHHOLU, eCAU OHA MOXMCem NPUHUMAMb KAK NOAONUMEALbHbLEe, MAK U Om-
puyamenvHole 3HAUEHU.

Teopema 12 /[1s moeo, umobs. ksadpamuunas gopma bvira nosoxcumervHo (ompu-
yamenvro) onpedesenrotl, Heobxodumo u docmamouro, umobosl 8ce KOIPpuuuermo. 8
KaHOHUuueckom 8ude amoil gpopmol bviau cmpoeo nosoxcumesvHol (ompuyamenviol).

NokaszateabcTBo. Heob6xoamumoctsh. [Iycte XTAX > 0 Bciomy, Kpome
X = 0. Ilyctb HeBbIpOXKJAEHHBIM MpeoOpaszoBanueM Y = PX srta ¢opma npuBeneHa K
KaHOHHYeCKOMY BHLY

ax(yh)? k=T (26)
TpeGyetcs n0Kasath, uto a, > 0, k = 1,n. 3adukcupyem k H noJoxum y' = ... = yF1 =
y**tl = .. =y =0, y*¥ = 1. Torna u3 cucremnl ¥ = PX onpefesyM HeTPUBHAJILHOE

pewieHue X, IJisi KOTOPOTroO
0<XTAX =YTBY = ¢(0,...,0,1,0,...,0) = a;, = a;, > 0.

HNoctatounocTs. [lycth B kKBagpatuuHoit dopme (26) a > 0, k = 1,n. Tpebyercs
nokasath: XTAX >0 npu X # 60 u XTAX =0 npu X = 0. [lycts X # 6. Torna us
cucteMbl Y = PX onpenensiem Y # 6. Tlostomy XTAX = YTBY = ai(y*)? > 0, rax
Kak a; > 0 u He Bce y* paBHbI Hy/0. Ecin ke X = 6, T0 u3 cucteMbl Y = PX umeem
Y = PO = 0. Cneposarenbio, X AX =Y'BY =a,-0+...+a,-0=0.
CnencrtBue. Ecau ksadpamuuras ¢opma nos0HUMELbHO Onpedesena, mo Hesbl-
podxcdetroim npeobpasosanuem ee moxcno npusecmu k 6udy: (yh)? + (y?)* +... + (y™)2

Teopema 13 (Kputepuit Cunbsectpa) /a5 mozo, umobo. keadpamuunasn gopma X AX
bobLra noaoxcumenvro onpedesena, Heobxooumo 1 0ocmamouro, 4umobol yerosovie MUHO-
por mampuypt A A >0, k= 1,n. [[las moeo, umobs. ama keadpamuuras gopma Goira
ompuuamenvHo onpedenrenrnol, Heobxodumo u docmamouHo, 4mobv. 3HAKU Y2A08blX
Mmuropos uepedosaauce, npudvem Ay < 0.
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Heo6xomumocts. [lycts kBanpatuunas popma X' AX = A(z,x) 10n0KUTEb-
HO ompeneseHa. [lokaxkem, uto Ay # 0, k = 1,n. [IpeanonoxuM npoTHBHOE, T. €. IJs
HekoToporo k Ay = 0. PaccMoTpuM crenyollyio KBagpaTHYIO OfHOPOIHYIO CHCTEMY JIH-
HEHHBbIX YPaBHEHUH:

aepr? =0, e,p=1,k. (27)
Tak kak A — onpenenutesnb 3Tol cucteMbl U Ay, = 0, To cucteMa (27) UMeeT HeHyJIeBOe
pemenue z', ..., 2% (He Bce 2° paBHBI HYM0). YMHOXKHM EPBOE M3 yPABHEHHH CHCTEMBI
(27) na 2!, Bropoe — Ha x2, ..., mocneaHee — Ha ¥ M CJIOKHMM TOJy4eHHBIE COOTHO-

LIeHUs. B uTore mosyumM paBeHCTBO: a.,z°axP = 0, e,p = 1.k, JeBas 4acTb KOTOPOro
MpeAcTaBJsieT co00i 3HaueHHe KBaapaTU4YHOH (opmbl A(xz,x) NJs HEHYJEBOTO BEKTOpa &
¢ koopauHatamu x', ... 2% 0,... 0. T0 3HaUeHHe PaBHO HYJIO, YTO MPOTHBOPEUYUT 3Ha-
koompeneneHHoctu dopmbl. Utak, Ay # 0, k = 1,n. [ToaTOMy MOXHO MPUMEHUTH METO[,
fAko6u npusenenust popmbl A(x,x) K CyMMe KBaapaTOB M BOCIOJIb30BaThCs (hOPMyJaMH
(19) nns kaHoHMUYeCcKUX KO3(P(UIHEHTOB A,. Eciin A(x,z) — MON0OXKHUTENbHO ONpeneseH-
Has (hopMa, TO BCce KaHOHHYeCKHe KO3((ULHMEeHTHl ToN0KHUTebHBl. Ho Torna n3 paBeHCTB
(19) cnenyer, uto A, > 0, p = I,n. Ecan xe A(x,r) — oTpuLaTe]bHO OMNpefieseHHast
(dopma, To Bce KaHOHMYeCKHe KO3 pHLHeHTH oTpuuaresbHbl. Ho Torma us gopmysa (19)
CJIelyeT, YTO 3HAKH YTJOBBIX MHHOPOB uepenyloTcs, npuueM A; < 0.

JoctatouHocTb. [IycTh BHMOJMHEHBI YCI0BUS, Hal0XKEHHBIE HA YTJIOBble MUHOPBI
B (hopmynupoBKe TeopeMbl. Torna ¢opmy A(x,x) MOXKHO TPHUBECTH K CyMMe KBaipaToB
MeTofoM {KoOH, mpuueM KaHOHHWYeCKHe KO3((PHUUHEHTbl MOTYT ObITh HalAeHbl MO (op-
mynam (19). Ecau Bce yriioBble MHHOpPBI MOJIOKHUTeNbHBI, TO U3 (19) ciemyer, duto Bce
Ap >0, T. e. A(x,x) — NOJIOKHUTENBHO ONpefiesieHHast. Ecai e 3HaKU A, 4epenyloTcs
u A; < 0, To u3 cootHowenu# (19) cnenyer, uto A(z,z) oTpULATENBHO ONpeaeseHHas .
Teopema noxasana.

3apmgauu. Jlokasarsb:

1) Ecin A — marpuua MooXKHUTENbHO ONMpeleJeHHON KBaipaTHYHOH (Gopmbl, To A~!
— MaTpula MOJOXKUTEJJbHO ONpeaeeHHON KBaAPaTHUYHOW (POPMBEI;

2) nns Besikoit Matpuiel C, det C' # 0, CTC — matpuiua noJ0KUTEIbHO ONpeaeeHHOM
KBaJpaTUYHOU (DOPMBI;

3) ecim A — MaTpula MONOXKHUTENbHO ONpefie/leHHON KBaApaTUYHOH (hOpMEI, TO BCe
3JIeMeHTHl [VIABHOH JMaroHa/jau 6oJblle HYJS;

4) ecsu KBaapaTH4Has (popMa HeOoTpHLaTeJNbHast U ax, = 0, TO BCe 3JeMeHThl k-To U
k-0l CTPOKM MaTpHLbl 3TOM KBaAPATHUYHOH (POPMBI PaBHBI HYJIIO.

PemeHnue.
1) Ecin A — mMaTpuna noJioKUTeNbHO ONpeeseHHON KBaApaTHUHOH (OpPMbI, TO MOC]e
npeo6pasosanusa (3) matpuna PTAP — maTpuua Bce TOH Ke MOJOXKHMTENbHO ONpeje-
JIEHHOH KBaapatudHoi (opwmbl, ecau det P # 0. Ilyetb P = A~'. Torma PTAP =
(A HTAATL = (AH)T = (AT)"! = A1 — matpuua, Kak yke 0TMEYasoCh BbILIE, TOJIO-
JKHTEJbHO Ompe/ie/leHHON KBaJpaTHUHOH (POPMBI.

2) Tak kak F — wMaTpulia MOJOXKUTEJbHO ompejeseHHOH ¢opmel, To npu det C' # 0
CTEC = CTC — marpuiia NoJIOXKUTebHO ONpee/eHHON KBaapaTHYHOH (pOPMBI.

3) Ilyctb, Hanpumep, asy = 0. INomoxkum 2! = 23 = ... = 2" = 0, 2> = 1. Torna
d(xt, ... 2") = axn(x?)? = axp = 0 npu He Beex x* paBHbiX 0, T. €. ¢ He MOJOKUTENBHO
ornpeneseHHass KBagpaThuuHas gopma.

4) Tlyctb, Hanpumep, ass = 0, HO ay3 # 0. omoxum 22 = 2 = ... = 2" = 0, 2! =

a#0, 23 =0b+#0. Torna ¢(z,...,2") = a1a® + 2ay3ab. B cuny 3) a;; > 0. Iyers
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a;; = 1. Torna ¢ = a(a + 2a;3b). MoxHo nono6patsb a,b Tak, 4to a(a + 2ai3b) < 0, 4TO
IPOTUBOPEUHUT YCJOBHIO, T. €. a3 = 0 U Torma ¢ = a® > 0.

§9. HuciaeHHble MeTOAbl pelIeHUS CUCTEM JUHEHHBIX YpPaBHEHUU.
PaCCMOTpI/IM CHUCTEMY ypaBHeHI/Hjli
AX = B, (1)
rne A = ||d}||?, X = ||a?||", B = ||b?||". Tlyctb det A # 0, T. e. cucrema (1) umeer
€OIVMHCTBEHHOE pEIIeHHE.
n. 1. Urepannonusiii meton I'aycca-3einens.

Ecmu ab # 0, p=1,n, 1o cucteme (1) MOXHO MpUAATh BUA:

xp:7p7k:17n7k7ép7p:17n' (2)

CucteMa (2) HasbiBaeTcs NpuBeneHHOH. BBens o603HaueHus

b | —a}/ab mpup#Ek
n . Ci_{o npu p = k.

cucTemy (2) sanuiiem Tak:
X =M+CX, 3)

rae C = ||&||", M = ||mP||". Cucrema
Xk:M—i_CXk*l’k:l?Q’B;"‘? (4)

Ha3bIBaeTCs UTEPALIMOHHON CHCTEMOU ypaBHeHHH mJisi cucteMbl (3). B3siB B KauecTBe Hy-
JieBoro npubamKeHuss Xy, — /1060 YUCJIOBOH CTONOEL BBICOTB M M MOACTaBUB €ro B
peKKypeHTHYI0 (popmyiny (4), moayuum X, = M + CXy v 1. 1. MeTon nrepaunii COCTOUT
B 3aMeHe TOYHOro pelieHusi cuctembl (1) k-oél utepauueit (4) ¢ mOCTaTOYHO GOJBLIUM
HomepoM k. Ecom npu k — oo X — X, To X — HcKomoe pelieHue cucTeMbl (3),
obpaliamliee 3Ty CUCTEMY ypaBHEHHE B BepHble UUCJOBblE PaBEHCTBA:

X =M+ cX. (5)

Byner nu cxema cxonsuierics npu k — oo? OTBeT JAIOT CjenyolIle JO0CTATOUHbIEe YCAOBHUS
CXOJUMOCTH METOAA:

)l > > |a, p=Tn, wm o) [afl> > |a, k=Tn
E=1 p=1
k#p p#k

n. 2. Meron 3enpgeds.

[IpencraBum matpuny C' cucremsl (3) B Bune C' = B + D, tre

0 0 ... 0 0 ...t
B cd 0 ... 0 p_| 0 0 .. eyt
o .0 0O 0 ... 0
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Torna (3) ecthb cucrema:
X =M+ BX + DX, (6)

IJIS1 KOTOPOH UTepalHoOHHAasl cucTtema ecTh cucrema: Xy = M + BXy + DXy_; nan
(E—B)Xy, =M+ DXj_;. (7)
[Iycts Xy — s060# ynci0BOH cTosOel BBICOTHI 1. Torna
(E—-B)X; =T,

rne I' = M + DX, — u3BeCTHbIH HaM cToJjbell. Pacnuiiem noc/jenHow0 CUCTEMY:

2

— TpeyroJabHasd CUCTEMa, KOTOPYIO JIETKO pellaTb CBEPXY:

1 _ tl
2 _ t2 + C%tl
=17 4 (17 + gt 4 it

Merton cxomutesi, ecau matpuia A: 1) cuMMeTpuuHasi U 2) MOJOXKHTeNbHasl, T. €. BCe
pemienust ypaBHeHus1 det(A — AF) = 0 HeoTpULATE IbHEL.

n. 3. Merox uckiatouenus (laycca).

PaccMmoTpuM oauH M3 HanOoJsiee U3BECTHBIX M LUMPOKO NMPUMEHSeMBbIX NPSIMBIX METOLOB
pelleHUs] CHUCTeM JHUHeHHbIX ypaBHeHMH. [IpumeHMM ero cHayajsa K cUcTeMe H3 TpexX
yYPaBHEHUH C TpeMsl HEU3BEeCTHBIMHU:

abx® =P, pk=1,2,3. (8)
B takoii cucreMe mo kpailHed Mepe ONMH U3 KOI(P(HUIMEHTOB a3, a3, a3 NOJKEH ObiTh
OTJIMYEH OT HyJIsl, HHaue Mbl MMeJIH Obl 10 B 9TUX TPeX YPaBHEHHSX C IBYMS HEHU3BECT-
ueiMi. Eciid a3 = 0, TO MOXHO MepecTaBUTh YPABHEHHSI TaK, UTOOB KO3(D(PUIHEHT MpH
23 B TpeTbeM ypaBHEHHH OblI OTJHMYeH oT HyJs. QueBHAHO, YTO MePeCcTaHOBKA ypaBHe-
HUH OCTaBJISIET CHCTEMY HEM3MEHHOM, U ee pellleHue MpexHUM. Ternepb YMHOXKHUM TPEThbe
ypaBHeHHe BHauaje Ha ali/a3 W BBHIYTEM W3 MEPBOTO YPaBHEHHWs, a 3aTeM — Ha a3/a3 u

BbIUTEM K3 BTOPOro ypaBHeHHs. B urtore 6ynem UMeTh:
(a% - a1a3/a3)x + (a - a2a3/a3) = bl - bial/ag
(al - a1a3/a3)x + (a2 - a2a3/a3) —b’a /a3 9)
ajzt + ajz? + ajxd # b,
UJIH, ecyi NepeoO03HauuTh KO3(DPULUEHTHl B NIePBbIX ABYX ypaBHEHUSX,
alx + aiz? = b

a’x' 4 asx® = b? (10)
atz! + a3z + aja® = b2
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Ecau a3 = 0, T0 nepecTaBuM ypaBHEHHUs! TaK, YTOOBI ITOT KOIPMHUIMEHT CTAN OTIHUYHBIM
oT HyJis1. [Tocsie 3TOr0 YMHOXKHUM BTOPO€e YpaBHEHHE Ha d, /a3 U BbIUTEM U3 mepsoro. Toraa

a,r- =b

asr? = b — alxt (11)
3.3 _p3 _ 3.1 3.2

azz® = b’ —ajr’ — azx’,

rie a; = a — aas/as, b=l — b’a}/a3. Ecu a; = 0, To cucTema BRIpOXKieHa. Bynem
cuutath, uto a; # 0. Torma u3 cucrembl (11), HauMHAs C MEPBOro ypaBHEHHs, JerkKo
onpeneasioress b, 2%, 3, T. e. pelleHHe UCXOQHOH cHcTeMbl (8).

Tenepy paccmorpum o6muit caydail cucremsl (1). Ilycts a’ # 0. Berutem u3 kax-
noro p-ro ypaBHeHHsl (p = 1,n — 1) n-oe ypaBHeHHe, yMHOXKeHHOe Ha aF /a!. Bemem
0003HaYeHHUs:

ay = ah —ajal fal, P =0 —b"a’/al, p=T,n—1, k=1n.
Torna cucrema (1) sanuiercs Tak:

arat =, pk=1n—1
azr' =b", i =1,n.

(12)

[Tpomoskast B TOM Ke JyXe, Mbl MOXKEM HCKJUYUTb " ' M3 MepBbIX n — 2 ypaBHEHHH,

3aTeM "2 U3 MepBbIX N — 3 yPaBHEHHH U T. 1., I0KA He MPHUAEM K TPEYrOJbHOH CHCTEME

YpaBHEHHUH:
agﬁl_l)ml = bﬁ”‘”
n—2 n—2 n—2
aél Yoy + Clg Vg = bg : (13)

Ap1T1 + ApaZ2 + ... + AppTy ::bna

rae pamu YHO6CTBa 3allUCH BEepXHHUE HMHAECKChI 2JIEMEHTOB MAaTpHLl 3aME€HEHbl Ha I[epBbie
HuxKHUe. M3 3ToH CHUCTEMbI, HaUHWHas C IMEePBOr0 ypaBHEHHUM, JIETKO OIpene/iaioTCA HeWus-
Be€CTHbIE.
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3akJaoueHue.

Jns nosiydeHHs TMOJIOXKUTENbHOH OIlEHKH Ha 3K3aMeHe HeoOXOAHMMO YMeTb pelliaThb
CJIeNYIOIIHe 3aauH:
[naBa 2. YMeTh HaXooUTh

1) 6asuc ¥ pasMepHOCTb MPOCTPAHCTBA,
2) KOOpAMHATHI 3JIeMeHTa x B 3afaHHOM Oasuce,
3) mepexoi OT OAHOro 6asuca K APYromy, MaTpPHIly 3TOrO Mepexosa,
4) paHT MaTpHILHI.
ABnsercs an
D) NaHHOe MHOXKeCTBO M MOANPOCTPAHCTBOM JIMHEHHOTO MPOCTPaHCTBA?
6) naHHOe MHOXKECTBO 3JIEMEHTOB JIMHEHHO 3aBUCHMbBIM HJIA HET?

7) O6pa3oBaTh JHHEHHYI0 000JOYKY M3 NAHHOH COBOKYMHOCTH 3jeMeHTOB. Ompene-
JIUTb €€ Pa3MepPHOCTb.

[1aBa 3. ¥YMeTb HaXOAUThb
1) ©CP,
2) obliee pelieHHe HEOAHOPOIHOH CUCTEMbl YpaBHEHHH.
3) SBasieTcst M maHHasi cCMCTeMa COBMECTHOM?
['naBa 4. Ymetb
1) oproronanusuposath 6asuc,
2) HOTMOJHSATH OO OPTOroHaJbHOTrO 6aswuca,

3) JOKa3blBATb, UTO B KaKA0M JINHEHHOM KOHEUHOMEPHOM ITPOCTPAHCTBE MO2KHO BBECTH
CKaJIsIpHO€ MPOH3BEACHUE.

4) 3HaTh 4 CBOUCTBA OPTOrOHA/JbHOH MATpPHUIBl H YMETb UMH T0Jb30BaThCS.
[naBa 5. YmeTb

1) BBIMKCBHIBATH MaTpHUIly JHHeHHOro onepatopa. Hampumep, m/isi omepatopa MpoeKTH-
pPOBaHHs B NPOCTPAHCTBe V3 Ha NPSIMYI0 T =y = 2.

2) Kak n3MeHHTCS MaTpulla orepaTopa NP U3MeHeHHH Oasuca?

3) HaXomUTb COOCTBEHHble 3HAUEHHUS] U COOCTBEHHble BEKTOPBI JHHEHHOro orneparopa.
[naBa 6. YmeTb

1) BBIMHCBIBATb MaTPHILy KBaApaTHUHOH (popMbl U OUIHHEHHOH (HOPMBI U HA060POT,

2) NpUBOAMTHL KBAJpaTUYHYIO K KAHOHHUUECKOMY BHUAY MeTonamu a) Hko6wu, 6) JlarpaH-
’Ka, B) OPTOTOHAJbHBIX TMPe0OpPa30BaHUH.

3) fBnsercs su maHHAas KBagpaTHYHasi GOpMa TONOKUTENBHO OMpPeNeNeHHON?
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